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ITI ~ CALCULATION OF THE .BENDING MOMENTS IN FUSBLAGE (FRAMES

By N, J. Hoff, Paul A. Libby, and Bertram Klein

SUMMARY

-

This report deals with the -caleulation."of the bending
moments in and the distortions of fuselage rings upon which
known concentrated and distributed loads are acting. In the
procedure suggested, the ring is divided into -a. number of °
beams each, having a constant radius of curvature, The forces
and moments caused in the end sections of the beams by indi-
vidual unit displacements of the end sections..areIisted in
a table designated as.the operatiomg table in: confnrmity with

“ —— = - {:'-'ﬂ_f—"“'

Southwell's nomenclature. » . - O L

The operations tadble and the external loads are- equiva—
lent to a set of linear equations. For.their. solution" the:
following three procedures are presented:

<« v-‘ -

l. Southwell's method of:sygt®matic relaxations, This
is a step-by-~step approximation procedure guided by the phys-
ical interpretation of the changes in the values of the un-'”_
knowns. LT '.L.\ T T T A S P SR - -

. - .
2. The gxowing unit procadure 1n which the 1ndividua1
beams are-combinad gucceqsgvely ~into beams of increasing

length ‘until’ ﬁinally the entire ning ‘becomes .a single beam.

In 'gech stap of the prqcﬁdure &.8et :0f not more than three
simultaneous liqear .equationg is solved.

R

- YT E—

- Solution of the enﬁiré.set of simultaneous equations
by the methods of the matrix calculus .

‘v e S b ’ . . LT R —
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In order to demonstrate the menner in which the calcula—
tions may be carried out the following numerlcal examples ..

are worked out.‘ X Lo LT L

1, Curved beam with Hoth ite end sections rigildly fixed.
The load is''a concentrated force,

2. Egg~ehape ring with eymmetbic.concentrated loads

3. Ciroular’ ring with antisymmetric concentrated loads
and shear flow (torsion of the fuselage) N —

" a
.

4, Same with V braces incorporated in the ring

5, Bgg-shape ring with antisymmetric concentrated lcads
and shear flow (torsion of the fuselage)

6. Same with: V braces incornorated in the zring = R
The results of theee calculations are checked whenever

possible, by calculations.carried out according to known

methods of analysis. The agreement is- found to be good - —

The amount of work neceseary for the solution off ring
problems by the methods deseribed in: the-present report 1§
practically independent of the degree of redundency ¢f the -~ »
structure. PFor this reason the methods are recommended for
use particularly in-problems.of rings having one or more. in- .
ternal bracing elemente.g"‘ T L P R : T

P I

~taces -t . =INTRODUGCRION ~..t.o : . ‘ -

2 ’ . P R S

The methods and the formulas used in the analysis of
monocoque aircreft structures have been developed almost in-
variably for cylinders of circuldr, .or pdsgibly ¢lliptic,
cross gsection and of uniform mebhanioal-pfopenties:"TYet, in .
actual aircraft such .structural: elements ‘are. lseldon, i1f-ever, v
found. <Unfortunately, the .direct  methods of analiysis are
little suited to cope with problems involving 'complex cromse-~
sectional shapes, irregular distribution of reinforcing ele- -
ment.s, concentrated doads, and .cut-ovuts, »It Ts believed
that the indirect methods recently aivanved by Hardy Cross,
and particularly by R. V. Southwell, (references 1l and 2)
promise a solution of such prodblems. '
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The fundamental- justification:for.-thilg-indirect approach
lies in the comparativeitese with vhich stresseg in a com—
rlax structure can he- zalculaked (iffhey arg ceuwsed-by some-
stipulated simplE displacement, while the determination of
the stresses and displacements ¢eused by known. exbternal loads °

is often very diffieunlt,’' or~even impossible.: The-calculation----
of the stresses: in = small unit of the structure correspondinf. .’

to given displacements is known &8 the M"unit probdlem” inv.. 7
Southwell's relaxation method.  :In this method the individual’
displacements involved-infthe“unit‘préblemé“are;ebmbine&ﬁﬁy a
trial-and-error procedure until a displacement pattern of the
entire structuré -is "found that cortespords to0:an equilibrium
of the internal stresses and the external loads over the en—
tire structure. . ’ - o= L - -

a

.

In parts I én& II (references 3 and 4). of the present in—

vestigatioq a convénient unit problem wes deviged and solved 1. °
for the purpdse-of ¢alculating the stresses in sheetzand- =~ -na-

stringer combinatioid, TFurthermore, ‘s systematic procedure. of:

combining the individual vperationsd was developed which re=i’viin’

sults in a rapid approdch to the actual state of distortions
caused by the known- loads gcting upon the sbtructure. Theé’
stresses calculated by this »rocedure were found td&.be 4n-

reasonable agresment-with these:meaSurediin experimentss . ke

In the present report the indireect method ie applied to
the calculation of the berndifig' momeats in rings (frames) upon
which known external loads aré’astings It is planned to .dig—~ .
cusg in the future:the strese problem:of monocbqué fuselages,
which are combinations of .rings andstiffened . curve& panels.

o - . 2 . L Ir
> - .L . T LK

In the course of the present investigations it was . found:~-

that the calculations necessary for the solution of the unit
probleme are rather~laborious.- For this peason.the solution
was worked out numeriealliy-ard-the restilts are présented in
graphs and tables in.part I¥ (referencs  57; -Moreoveér, it &=
turned out that in many ring problems it is difficult to pre—
dict -thr¢ most-likely displacerment patterns.and 'the order of. 7
magnitude of the -dlsplacements, This fact was not anfici—"".%"

pated -at the beginning.of the'present. investigations since in~’-

the earlier work it was found that the displacements of rein-
forced panels could be predicted with a reasonable degree of
accuracy. It appears that with rings the difficulty lisee in
visuallzling the amounts of rotation of the end sections of
the individuel arcs, and to some extent the tangential dis—
Placements, ‘while :it ig possible to anficipate ‘comparatively™
well the radisl displacement pattern,” "On thé dther hand, ‘the
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interaction between-rotations, tangential ‘dieplacements, .and"
radial displacements is very strong, 'and ‘the 'final bending .
moments, shee;’forcee, and nérmal forces in the sectione are
often the small differences of largs valuss.caised by the in- -
dividual dietorbions.' Unfortunately, ‘the -Southwell procedure-
becomes very' slowly convergent;that 1871t yields the gerrect
final Fesults’ 6dly dfter a .very great number of 4ndividual .
operations, 1% the- steps i7d the relaxation.- or the. individual
displaceménts -~ are undeértakér-at "random, -withowt -a pregon- . .
celved picturé of the final pattern of deformations. .

¢ o

In. ofdér to. overcome this difficulty, a . preeedure has .
been wotrked" out whigh -might bertermed the "procggure of the -
growing unit. In 1t the structure is broken up inte¢.units,
the unit problems are solved and the operations table 1s set
up in the s&am& manner as was suggested by Southwell, On the
other hand, the 'solution of the stress problem, by the trial-
and~error ~-procéddure bf the method of. systematlic relaxations
is replaseéd by a procedure involving. the combination-of the
individual U#its intd utiits:of inereasing pilze, -The external
loads &rs bYaladheéed theh by solving sets of.two or three simul—-
taneous linear- equations involving the-influence coefficients
of the large'tnits.- The new procedure i5 reasonably simple
and fast, aS‘mav be sBeen: from- the .numsrical! examples contained
in the bedv of the paper, L -

n o ' OIS N e, . ,x I « S eme

Finelly. the examples présented in this repbrt- were also
calculated by considerlng'the gso~called operatlinns tadble onf -~
the Southwell methdd as'a set of eimultaneous dlinear equatioas;
and solving it b¥ the use of the 'matrix: calcultis. In the:.ap- .
pendix a simple explenation is given of the matrix calcula—
tions necessarv for the selution.? et Lo L e i

- .
i Y
v -

For the understanding of the* pre%ent report familiarlty
with the Southwell and: the Harly Ctoss methodws, or with party
I and I1I bf)tﬁis investugatibn'is n'of required' :
Lae v C "' B . 2 “.‘J. ' - - (_r )
Thi's invéetigatibn,”cbndtcted et the Polytechnic Imstitute.
of Brookl¥n:,?ims’ sponsored by and confiuncted with:the financial
asslstancy of the' Natibnal" Advisdry. Coamittee for: Aeronautics, ¢

R R L LTI I Y T R
2ot St deiw Swacira oL o7 iz
R = A A BYMBOLS Har . 2 Com gy .
N ° K] "-"-.-'*'4" L1 W, T v . . . -
. v ' . PR " : o . . . - ,
RPN S I T Aevad R R P R
A ero gs~-pectional area of bar; er B poinit on: a. ring,,or

-+ tharideiuded -area of a.ringi:or- & netrix: ek

[l=rriiping
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effective shear ares (based on tension)
lever arm of shear flow

c, &, e, £, g matrix coefficients. P
D, E points on a ring
Young'!s modulus of elasticity
shear modulus

moment of inertia of crosgvsection; or  ident ity matrix
metrix coefficient A e e
developed length of ring segment
bending momenti or a matrix B

end moment reacting on bar or on constreint

" sliear flow acting eslong bar

“displacement 'of & point in radial direction

‘an unknown quantity

© 6nd radtal reaction acting on bar or on constraint

rndius cf-curvature of a ring segment

-

end tangential reaction actlng on bar or on constra:nﬁ"
Or applied torque ’ sy

.

strain energy

displaceément nf'éjinﬁn@;in tangential direction.

shear force acting on a cross section ... . .,

rotation of a section of a bar; or an unknown quantity

-4 -.. . v-"

rectanguiar cbo%hinate; or an unknown quantity

et

angle subtended by ring segment . - srndavn

. . B
N % et

T
200
0,
-~ 1
1)

Fm
PAIREE T IS ;T S
ey .



6 ' NACA TN No. 998

Y section—leng%h pafaﬁefér'(ALﬂkl) N M -
Iy determinant Yol ‘ ! =
k =1+ (B®/v) [(l/f)j+£ij N T Y e ST LT
A= 1 (BR/Y) [(1/8) + 1] S DT s
v = (G/E) T e chend :
¢ = (A*/A); or angular coordinate - ¢
o "ETERguiAr Tebbrdinate ! :
S e £y t

w rotational coordinate

The symbols used to denofe ‘influence ébefficients are de—
fined in the followling manner:,

~ ora -

The term (’B) stands for the force or moment a caused
by & unit movement®in the direction’of b (whiéh direction
ig thet of the force R or T, or of the moment _¥). Thus
(an) is the moment due to a unit rotation, while’ (tr) is the
tangentjal force arising from a unit radial _displacement. -
Further;’ b distinguish the reactionq at the fixed end from
those at the movablg end the subseripts, E” and M are om—
ployed. Gonsequently ((%) is the moment arising at the fixed
end.of..the gurved beryag,e. result of.a unit fangential dis— -
piacement of the movable end, while- (tt)M stands for the tan—
gentlial force at the movadble end due to a unit tangential dis—
placement of that end. . :

The momenty:radinl force, and _tangential force caused bdby.
& constant shear flow are denoted bv the svmbols ng, rq, and
tq, respectively, ~The values are:valid for- the end of: the
bar toward which the shear flows. At the opposite end the
reactions considered here,are-acting from-the support.upon the
curved bar.
waton , ST e ey r e Cooe CoMe nmirago RY;

DEVELOPMENT, OF . THE RELAXATION METEOD,.WiITH.THE.AID.QF:AN EXANPLE

The Structur%ardngug peesdse oR £

dugauy wstr vy Fobastduz sling d
The structure used ag an examplie in the development of
8

i
the proecedure is shown in figure 1, It is a curved beam of
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square cross section which may be thought of as an assembly
of two cantilever quarter circular beams 4B =and AC Jolned
rigidly at point A . :As -each of::the two curwed beams .could N
support by itself the 100 pouwnd Load applied - at ‘A, the &13—?
tribution of the load to the two beams cannot be determined “
by the laws of staticg:.alone, The problem is three times re—
dundant, since the unknown stresses in thé cross section ab
A add up, in generasl, to ap unkpnpown normal force, an unknown
shear force, and an unknown momenit th the plane of the circles.
There cannot be any force and momB¥Y 'Fesultants perpendicular.
to the plane, since the external load acts in the plane of the
curved beam, , O T R

The problem of the load distribut'ion can be solved only
by taking into account the deformations of the structure.
This can be done comveniently 1f- the structure is consldered
cut at A and the deformations of each gquarter—circle are
calculated independently.. When; thesq calgulations are com—
pleted, the ‘continuity of the sctual strlcture can be re—es—
tablished without difficulty through a proper choice of the
unknown moment and forces in Bection A, a8 wilill Dbe shown
later. Ao - . : P

2% ¢Unit Problem ..

The strudture is broken up Anto twoamits; namely, the
guarter circles AB and AC,. The unit problem .cop&ists in
finding the tangential (normal) force T, the. Tadial (shear)
force R, and the moment AN .(see fig. 2) unfer the action
of which the fréé&~ead 'Point A (6f the unit undergoes any pre—
gscribed displacement w in the x direction, v in the ¥
direction, and any prescribed rotation w, which latter is
considered pogitive if it is" ¢ounterclaockwige. like ,w. . The
unit problem, can be solved best by. calculating first wu, v,
and w caused by tnknown forees T and ‘R, :iand.an‘dnknown
moment N, and determining the unknowns afterwards so as to
obtaind-the ptescribed values.:ofsthe digplacements and.the ro—
tation.,  Ia cohfofmity with,standard practice.exp ansionai and
shearing deformatidns will be neglected, sinece: th;y are. much
smaller than the bending deformations. i

The bending moment M ca*sed by T, R, and N in =& sec—
tion of the eubved-beam defined by the-angla ¢ . {(see.fig, 2)
is given by . . T

T
(!

T LAY e Pri (Ll — éos($);tr3rasiﬁ ¢ + k ' (1)
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The relhtive rotation dw of” two nermal sectlons of theh

Ter 3
curved beam an. Anfimitesimal distance ds__apart N el I L
= ﬁw’: Mds/(EI) Mrdcp/(mx) - (2)ve o i
. [ A ? ".’ . P \vel--‘f"
Since psint “B? ib“fimed the rotation -WA of point A can’
be calculatéd from thc inteegral = - S ! S
s wfe SRS
T oWy o= JP Tur /(BI1)] aegic .- : : o

- -
P e . .

Substitution:ﬁf+ﬂﬁ “from éqﬁafiqn (1) and integration yields

; (r/EI){:[(n/z)f~f1]'Tr + Rr + <n/z)§} (3)

Whén:the infinitesimal element of .the beam at ® under-—

goes a..rotation dw, point A is displaced on infinitesimal
distance du in the x' direction, where

du = r(1 — cos ¢ )dw (4)'

i

With B fixed, the toatl displacement
the x direction becomes. ,

. [ 1 i Cre - o . =
~ ot . .

\ ale St el
‘up = du.= (reyET) * M(1 — cos@)de
[T Lo

2]

uy of point A in

Ay

Substitution and integration gives R
= (r® /BI), {[(3 ﬁ/4)~« 2] Tr + (1/2) Rr + [(n/z) —1]#} (B)

When the infinitesimal element .of the beam at ¢ under—
goes an Infinitesimal rotation dw, point A 1is diaplaced an .
infinitesimal distange dv in the ¥y direction.

. - .
-

‘h&" = r sin o dw : (6)
Consideretions similar to those stated before give

TT/a o n/z '
Vo 7 f : (rE/EI) f Mesing d o

0 .
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-

and .
=-(-z_‘fa'/E,I>{Ci/éé)'*,ir.;-_t .(1.1/‘35 :Rr‘;?‘: N.I (7)

PR : _.,__.F'.._. o~

: The task 'df determining the dieplacements of 'the end
section A caused by the forces-,E .and R ard the moment
N bhas thus been completed " The problem must now be inverted,
and the values of T, R,‘and -N.- must be calculated that
cause. prescribed’ distortions wp, va, and WA - This calcula-
tion can be carried out by. solving the threeé:'simultansous
equations (3), (5), and*'(7?) for the unknowns T, R, and XN
when the values, of wuy, YAL. and . WA ere given. In computa-
tions that follbw lster in this repor:i it will be found con-
venient to have the solutions of three unit problems charac-
terized by the following groups of prescribed distortlons.

- S

(a) mpy =1 . .o . . Vg =00 w T waT= 0,

sl ll' -‘ LN :"'- --_4- - : Lo s ‘.."‘-". - x i : - R .
(b) U.A' = 0 'V'A = 1 . . _WA_'_= J
(¢} wup =0 . ¥a,m:0 . . - wy =L

TSy e 23 AR L -
The numerals 1.:denocte*units $n any conveilent and consistent
system of distances and anglee. Lot

- H

The solution of equations (3) (58)., and (7) corresponding
to valugs. (&) of the':distortions is - S

T = 42.87 (BI/r®) R = _39 37 (EI/rs) . ¥ = 9.484 (BI/r2)

When values (b) apply the solution is

T = ~39,37 (El/rs) R = 42.87 (EI/rs) N =.-13.03 (BEI/r®)
When values (c) apply the solution is - R PSP
T = 9.484 (81/r%) R = -13.08 (8I/r®) | § = 5.44% (BLjr)

In computing the above values a calculating maching, hqdnto ba_
, uesed, since gmall. difference of large numbers had to be de-
termtfned, ' The values can be verified by substitution in .equaws
tions (3) (5) . and (?);, -respectively.

In subsequent calculations; use will be made of quanti—f-
ties denoted as "influence coefficients.? Influence eoaffi. -
c}ent‘hﬁt is defined as the tangential force E, caused ‘by a

- .l
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unit displacement in the tangentiai (%) direction; influence 1
coefficlient t2 1ig the tapgential force raumed by a unit
displacement in‘‘the radial (r) direction; Tn denotes the
radlal force R caused by a unit rotation (in the n direc-
tion); and so forth. With thies notatinn-the solution of the
unit. problems may be atated concisely 8.8 : : : ==

_ . . T o
5. =-4z 87 (EI/r Y Fr = -39.37 (EI/r ) %n = 9.484 (E{Za?)

-=;4e.87 (81/#%) 2

T3 -13.03 (EBI/r®) 7an = 5.449 (EI/r) (8)

H

n
P P —

Influence coefficients rt nt, ar. are. not ligted, The rea~ —
son; for. the omis-ion lies in the eanalities I

. ;'\'b .--,.‘...t;r N ’:'-“ -."" : | ’-T': = fﬁ ;1-;‘ = ;;I (92

The vaiidity of equations (9) follows directlv from thbh expres-
gions §1ven earlier as the solutions of equations (3), (5), -
and (7 )

The numerical valuses of the .influence coefficients will
now be computed for the example” ‘at hand. The moment of iner-

tia of tke cross section of the curved beam is
. L] {fr . .

Wl -
by Al T

A (i}z) /12 = 0. 0052 A n'eh ™

L ]I

P

The modulus 0£’24SvT gluminum allov is given gs ;ﬁliaipla,x 106
Pty “Hénse Y

g A L.

.1 BI £-54,800 ' betifd~fnchas"

.o .
1 L

o~y
-

With beam AB C ’

(10)

- oo ..
El[r.aq5%50r;qch—pounde. BI/r® = 546 podnds’® EI/r 54 .6 pounds
o ' \ uu. per insh

W3

Consequently, N SR £

\-‘ ." g ':
= ~2146 pmnﬂaper 1nch

T CRLTSIA

)

ot
P
n

Tt = 2340 pounds per inch

tn = 5170 pounds.. . .!:nfun- b F3i 272320 BoiRas periineho(11)
o ' oL oanianld Lo Aengnien
TR OSLTTO, pququ=ifﬁ vy Gediiner #R S QQ 700 inch~Pounds

Ty |"\fl'T"";-: .
With beam AC 1t is convenlent to assume the positive
senses of the tangentiq} Afaorce, sradial’ force, aqi the moment
as -shown in figure 3, r The poegitive sensea of the ,displacements
and the rotation correspmnd to those' of the 'forces and the
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moment: - Sinee the radiuns of thls .beam is 20 inches, the in-
fluenée coefficients. have the. valuee,‘w”;a:“_ it | Aida,;~ .
_‘\_’I CE o w o+ .
tt = 292.5 pounds per inch tr = —268 B pound ber” inch” -
— Tl ioangr ) ooELL e ~_ 7 > Ty s i s
tn = 1292 pounds per radian 7 = 292.5 pbun&b perﬂinth: (12)
’-.\ ! LTI S0 e,
rn.__l777 pounds per radian T 14 850 inch-pounds perJ
‘ ”'radian e :
fat _ S )
Al B . The 0perations Table‘_‘ e

- - S -
.- oW - -

It 1s possible-now to consider the effect of dieplacing
point A wupon the‘ppmplete structure, Since in the complete
structure there is no cut through the curved ‘beam at point .l,'
end point A of beam AC 1is always displaced in the same =
direction -apmd through the .same disbhance as .is end point A of
beam AB. A gimple "unit operation i's ‘defined as & unit dis-
placement in the direction -of one of the three displacement
coordinates (tangential, radial .rotational) qhile ‘the other
two displacements are held unchanged., The forceés arid the mo-
ment caused at point A during any unit operation can be
easlly calewlated with the .aigd . oﬁpthe influence coefficients
given in the preceding article. _

In order to displace point A 1 inch in the tangential
direction and 'in the positive sense indicated 1n figure 2,
the following forces and moment have to be appiied to point
A of bar AB: . . . - _ -

R i e L el £ ..;

[

't = 2340 pounds ; R = -2146 poudds N = 5170 inbn—ﬁénﬁde:

In a similar manner the forces and moments can be calcu--
lated that -are-necessary .to dlsplace end point A of beam AC
1 inch in the tangential direction, It is advantageous to '
adopt the.esame ,sign conyvgntion for the forces and moments &t .
A independently of whether they are derived from’ beam ‘AB - oy
AC, TIf the sign convention 6f figurfe 2 is used, the pésitive'
unit tangential - displacement of point A of beam AB csrre-~
sponds to a negatlve unit tangential displacement of point &
of beam AC in the system of coordinates shown in figure 3.
Moreover o

- LT = - R '\\'-j-- Lo I B

Tac = ~TaB Bp6 = EiB TUUNgQ = -Wa3B

R _: - - - R & 1 l‘ . » . ‘, -
where,the;subscript AC.. refers to beam AC and the coordi-
nate system of figure.d; and subscript. AB to bqam "AB  and

s [ N - el . . . : . . -
R S AT R I -



12 : NACA. TN No. 998

the coordinate system of figure 2. Hence thé folléwing forces
and moments are.necessary in order to cause polnt: A of beam

AC to displsce 1 inch %o the righti

-

T = 292.5 pounds R = 268.5 pounds N = 1292 inch-pounds

Alt ogether, the following forces need be applied to point
A to displace it (and consequently the ends of both bars AB
and AC} 1 inech to the right:

T = 2632.5 pounds R = ~1877.5 pounds N = 6462 inch-pounds

The effect of a unit displacement in the positive radial
direction can be obtained in a similar manner. Beanm AB re-
quires O

.o

T = -2146 pounds R = 2340 pounds N = ~7110 {néh-pounds

With the eystem of coordinates of figure 3 the forces and the
moment g necessary to move point fl‘:of beam AC 1 1nch upward

.are . TR . _ . .
- e DAt - T :

T 268 6 pounde 3 Q-BQZFS;QqﬁndiM'N = 1777 inch-pounds
Altogether,weﬁe'f“ui ok ‘

PR

?Pﬁ _ﬁ Ng='w5333 {nch pounds

‘5}‘..

T = ~1877.5 pou?ds R = 638
Finally, in order toarotate end A" of bar. AB 1n"the
positive XN direction through an angle equal to a radian, the
following forces and moment must be anplicd toipointt A of
bar AB: ' . _ _ - o .
T ='517O pounds R = -7110 poﬁnds N = 29 700 inch—pqunds
Y ’ IR |
With the sign conventton of figure 2 bar AG; requires for the
same rotation’ :, LS s . g

-
wr
A

PR

LT 1292 pounds ‘R = 1777 pounds , N _-14 850 1nch—poundg

v 3 . TR _ ,
- . ot . .. ~e [

Altogether ' ' ..-,;rn : B . _ T u,_.f. -

-~ f %
-

RN T T ST
foa

T ?’D462 poundsz‘ R = -5333 pounds N = 441550 inch—pounds

It might be mentioned that" all the values just calcul%ted
are flctitious in the sense that they would.be 4he: actial” vgi—
ues of the forces and moments -only’ if the 1imit of proportion-
ality ofgthe material were higher tHan ‘the 'stresses caused by

§ A
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theiflorcds~and '‘mohents;- add "if theilarge 'distortions ‘d1d not
afféetsthe equilibrium ™ If, 'HoweVér," Both thé forces and the
displesendite are~divided 'by, 8ay, 100, nd ‘ob3j¥tions can be
raiae& eglingt the "¥41idity 8f ‘the data just éélculated._ R

AaLpzost ot ot omrntdyoma ooosmyalt- _ E
%he‘resﬁlté of "the™ caIculations are Bummafize& in'the;::
tabls that follows. R L Ee _‘\£7“'C‘"
mopbea L duemifl SoorLtyTew ”“"jf‘ _ YL.oEnd
?ﬂiﬂ"&?ﬁ’ L isaf . ..Jnff' ;o TU s d i _J'éfﬁ.aﬁ . :
T tiwes vzso s Tgble'l. Gperdtions~Table e Tana-. Doer
oo et w '}‘:.~:=-:1 Fy oI GL 9 ﬁ.‘.—.:;-f.-'l":'- T
Tapw it v -.~--:r-.'::. P g e orer prigomels o T “1;:!“.-.“!‘53
Neow..” v Operationa moar Y. ‘(1&)*“'““' (lb); ’i'ﬁﬁjuitib)
my FERC ira ,r}i.?:f A A T STE i .
[1‘.].’, . v o= 1 ineh - ‘.-5'\._.265:2.5'—\“:.. e +1877 5”' ) -_'_.'.(‘ ""?6"4:6'2_' -
[2} . v =doimch.: wor4levris 't L2esa.y o7 reisgag
[3] w =-rl-"i'adi-ari-"--—'f- 4B +53-33’ ";.'f.-égasq‘.b_:':'
' i : B S Y T T T I 5 g F AN ,.."-:hr Sel L0
:a;—v ’ »E. , ’_{ . s e o g e o " SR 4 \"“'..'-z’! B isngg

The table 1s known as the "operations thH1E, ™ FIn 4% tho”
forces and moments previously calculated appear multiplied by
(«1).. .Ina9ther words, the forces and moménts 11s%E88°2F8 not
those'to"&erapplied 0 thesBtrusture at=pdint K *inf3Fd¥r to
cause, the~preseribed-distorbions; but:Lfhedr reactioﬁh i oenrol

. .. M « - : - . v.,.-p_ .. . R [
sord L RRneeryied wwy Larce’T ot erlt’ gl SOmEERS LT ki
. - £ .- -3 - ™ . A P
Yw oo hesrgfsanx - - o b “ 2o rend Tﬂﬂ .:ig._‘T" I

.. P e rrx . -
‘:::1:=*Fwn~ " Relazation Tabld. g LS
P e~ . . . o
Bt b fariz . LLmr o5y oI bomo- EFES TR wualn =

.~;: The uvpermtions: taBle wiII be:déed net:¥n* or&ef to astab-
ligh:the.disbarted. 8hape "the 'dtdaudturs'dr™ figufe 1“assumes

AT .,

under ‘hhe ‘actitoniof ntHe '100<Polnd “T6da applié& "EETpoint (AL |

It is convedient:vtforimdgline "that d“risfd wall fs é ranégdjﬁei_
hind ‘the shnuctyre parallel to tle"fFané “of “Fhe” rVe& vead, 77
anrd thab sby a- el&mping ‘device tHe¢ bedm s 'rfgiafy attaéh%% .0, .

the wall gt pdimt » &, . Morsgdver, the-exte&nal*lcfd ma§ e
thought of as being suspended from the clamping device,

The structure in its original, nondistorted form and the
external load are thus in equllibrium, as long as the clamp
and the wall are there. It is the purpose of the "relaxation
procedure’ to transfer the load from the "constraints' - that
is, from the wall and the clamping device - to the curved
beam in a number of successive operations during the course
of which the beam gradually assumes ite final distorted shape.
4 record of the individual operations is kept in the so-called
"relaxation table" (table 2).
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‘In the first row of the relaxation table the external

loads arse listed In the present example the only external

load is the 100-pound -load :which acts 1n the negative radial

direction if, as before, the sign convention of flgure 2 is »

adopted. Inspection of the operations table reveals that op-~

eration 2 is best suited for balancing the vertical load.

Consequently, the clamping device 18 loosened in a manner to

permit s vertical translation of section A without allowing

1t to translate horigzontally or to rotate., Since, according

to the operations .tadlse, l~inch displacement upward would -

cause ‘a vertical ‘downward force of 2632.5 pounds to act frén

the structure upon the clamping device, a aownward (negativq)

displacement v =.300/(~2633.5) = ~0,038 inch: must ' be under-

taken., The second .xpw of the relaxation table 18 now filled

in-with the values of the second row of the operations table

multiplied by (-0.038)., It may be seen that . operation Juat

undertaken: namely, ,the vertical downward displacemenﬁ of .

01058*1nch _caused the. curved ‘beam to exert upon the bon-'

stradnt a’ V@rtical upward forbe oY 100 poundsuL This fb}ce

balances’ the applied Jond L e Lk . ’ .

"f u_-__qq J.,.._ - . PR 3

Unfortuhately. however, the displacenent also caused

the curved beam to exert upcn the conatraint a horizontal

force of 71 pounds to the lefb, ‘gnd a clockwise moment of .

202 inch-pounds. Thus, the Vertical forces are balarcedy b?t

a new unbalanced horilgzpntal: forbe  ahd a new unbelaickd momgnt

are introduced. The system;ioftcoutse, 1s.in equiiidbrium,”’ f';} 4

since .the- clamping device.and th& Figid ya}l that 185" the

constraint -~ take care of the. hdriﬂoqtai ‘force and of 'the mo-= |,

ment, The purpose .0f the. .relaxdt fon pchedure, howeverﬁ‘is :

to approach gradually a -state of diatdrtions in whichi-arti¥i-

cial conegtraints are not. needed for equilibrium, It s im

perative, therefore, to balance out the new unbalanced force

and moment. However, before any further steps are undertaken,

the clamping device must again be tightened completely1 -“'ifr

"

. ; . V. As T
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» - Table.
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Relakxation Tadble:- -
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Externsgl: force“- Wt Ee -.._.100__:_ -
600t R A T DT>
-0.038 x [2] T Ip I I T Tap02
. - 71 S T N T T
-0'-027 ‘X [1] vt o "* —: -7%- - - ':Si . : -:u-’.'-.’.;‘:.ﬂa -
..\:.._:i- . Y : _:T‘ ~ - ,5’,‘ .!‘---,-'1;' -
-0.0194 % {27 | - 288 L. - ."5']",.- - = e ll;{i T T
Ll . T, =86 O ~180..: ¢
L PR S S : - . Cme eV
~Q:0337 x [11 - . . -+ 38 _ .o ozB 88 .
0 -26 -42
~0.0099 = [gF 4. unte =l L oL 28 0 _ oo L2838
- a’oo- A T 5 - el9 T o - --_95
~0.00722 x [1}*"" " - W18 L _amE oLl L e . 47 _ . -
~0.00532 % "[2] T N o -
’ -10 0 20 .
-0.0038 x [1] - OO L - S
0 -7 ., 4B
-0.00266 x [2] S - L 3 S
0.000696 x [3] S A IRt A
. © -9 4T ¥ o
-0.00342 x [1] S . - SRR - S
S LI I, Jrt e g ¥ " .‘0" 4 o -2 - - _2_2
- B L TP S - S S U . _—
0.Q00493 x :[3].. PR PP ST < I S
.oet vesap g —’3’ N r" _;5_11;7: Fo. Tr.~0~ ..
T~ Ty e ot SN ‘e "~
B L T A . Enddc LTI e
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The unbalances are the algebraic sums of corresponding
values 1n rows 1 and 2. They are listed in row 3, under the
dashed line, The question arises now whether T or ¥ ; ,
should” be balanced first. Because it is expected that: thé
final distorted shape of the stricture will involve cons}der-
able hcrizontal and vertical translations of section £, but
only a slight rotation, 1t is advantageous to concentrate
first cn-the cancellation of the unbalanced forces rather
than of the moment. For this reason, operation 1 is now un-
dertaken. The ¢lamping device is again loosened, but now in
such & manner as to vermit 2 horizontal displacement, but at
the same time to disallow any vertical translation and rota-
tion. The ensuing horizontal motion will come to0 a stop when
u = 71/(~-2632.5) = ~0.027 inch, Multiplication of the values’
listed in the first row of the operations table by -0.027 aad«_
subtraction ylelds the remaining unbalanced, or "residual, ' .
quantities récorded in the fifth row of the relaxation table.

According to the fifth row there 'are no horizontal un-
balanced forces acting now upon the constraint, but an unbal-
anced vertical forece of -51 pound eppears again, which is ac-
companiad by an unbalanced moment of ~27 inech-pound. Conse-
quentl#} the two displacements undertaken succeeded in reduc-~ .
ing the.unbalanced vertical force to 51 percent of 1ts initial
value, but enly at the expense of introducing an unbalanced

moment &t the same time., The relaxation must be continued, r
thereforg, until all the residual quantities become small -
enqughﬂyb be neglected in englineerling calculations. ) m

. The. clamping device is tightened and loosened again suc-
cessively, but always In a manner to permit only one single o
type of motion at a time. The effect of these moticns upon
the forces and moment is calculated in the relaxation table.. - -
After nipne operations the residual forces are T = -5 pound, .
R =0, N = 31 inch-pounds. It is thought that now it 1s time '*
to permit section A to rotate. This, operation 3 is under- . ,
taken and recorded. This is followad by one more oneration[}l
and again operation [3], after which the residusls are small R
enough to .be neglected. Coe - L . ;

Because of the great number of arithmetic operations in-
volved in the preceding calculations,. it is-well-to check the
results. -A repetition of.all the computations would be very
time consunming. Fortunately, this is-unnecessary since a
much simpler check 'is available. The sum of all the vertical
dieplacements can be obtained by simple algebraic addition:

vtot = '-0.07528 inch



NACA :PN No,; 098 17

Similerly,

i . Uy = -0.055}$31nch
fdl~. iy o : wnt T

+
w i

A I e T e 01.001T89 radlan

- - . : A

. - - had
- -

The forces and the moment caused. béweaeh one—of these total
distortions can be obtained by multiplying the corresponding
row in the operations table. -The vadliee computéd are entered
in the "check table." The algebréic sum .of .each .column of
the check table represents 'the final residual quantities.

Por the present example these calculations are carried
out in table 3, In the absence of errors the residual quanti-
ties of the last row of the check table should be identical
wlth the- residuals listed in the last row of the relaxation
table. This is obviously not the case with the present exam-

ple. L .
Y - ' e e mm
2 e e Table 3.- Check Table -
T R fripe:  oe oK
4 w0 e (1h2 ‘. ' (1b),& L. (in.-Tb))
Zxternal force ﬂr'i’ - 0 —100--. » ;70
u = -0.05514 ‘{rck .. . 145 .-3047 . ~%B6
v = -0.07828 "inch . |, . *141.¢- -t -198 .7 T T 401
w = 0.001189 radian -8 6" C i~ BB
Resgiduals -4 o} ~ -98

Fortunately, there is no need for hunting for’ errors.”
Instead of dolng so, a new set of relaxations can be carried
out starting out from the residusls of the check table as
the glven external loading, :Table-4, the second relaxation
table, presents thege calculations It may be seen that after
only five operations the resliduals are reduced to 1l percent of
the initial external 1oqd
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Table 4.- Second Relaxation Table

L

T R N
afivy 0 o (1b) (in.-1b)
External force -4 o ~98
-0.002z % [3] Conddl o =12 Se e - - - 28
[ a‘lo ...‘13 ,""' . . v s 0' .
’ oMy - e i IR E P .;,4f 0}
-0.00456 x [2]"¥9 fertton=@. L o - _ 12 1 ldnss g iy L . -
iy .. . 1 e Lond ¥»rB%. .
~0.00054 x [3] B - AR S S -
. . N 4 ' - 93 o ' 3 i.l’ Q_’ Ty
+0.00152 x [1] [ S - S A B SO E e
O O —1'0"1."1'\ W
~0,000g256 x [&] - - % - - - --% . lg_ -

These results arelﬁow checked’'in the second. pbe k table
(table B). The residizals of this are substantip ghe samé”
ae those of the second relaxation table. Tha. Jiﬂgh} ‘devia--
tions csn be explained dby ‘the inaccuracy of. ﬁlddﬁ Tule valcu-v
lations, and by the omission of friactions of pounds’ and inpha
pounds in all the tables. AR

H

The fact that errors need not e traced but ,can be elim-
inated in a few additional qperdtions.is considere&,gng of

the: major advantages of the relaxation preeedure.“ ,‘3}:”'133
ST e e e -] k T RY

I - f © T 0 aevilny eiF

Table 5.~ Sboond!Check Table ‘""”ﬁTf_;u'“vf

e T JoEVLT wlue

1A : S T

T R N T

(1v) (1v) {(in.-1b)
External force C -100 0
u = -0.05362 inch 141 -101 346
v = ~0,07984 1inch ~150 210 ~-426
w = -0,001776 radian 11 -9 79

Residuals 2 0 -1

i
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Direct'Solution. of. . the Opberatibia Table

The operations table représents & sét of linear equations.
It 1s easy to verify that table 1 ‘cat bel reWritten in the form’

R A ‘.
v .ol JER T an

: e ER AL 8 .

s ] SR . A

S Mt L268215 w 4 1877.5°7 ~¥6462-W'+ T &0 .o
=

1877.5 u - 2632.5 v + 5333 w + R = 0 ©(13)

~6463 v + B333 v ~ 44,650 w. '+ N =0 ..

where u, v, w are the unknowh displacements’ and rétatiod,’
respectively, of section 4; and T, R, N are the given_ ex-
ternal forces and moment, respectivsely. WigH " the values of "
the external loade of the present example,equations (13) be-
LT ,_-2632 5 u + 1377 5 v 2 6462 w %16f“f" 97

1 %oal

1877.5 4 - 2632.5 v + 5333 w = 100" (14)

-6462:u + 5333.¥ ~ 44,650 w = O, ., ‘ﬁ
. ; ¥ SRR

These equations can be solved directiy.:'Thé solution is

w = =0.0518 indk ' "% v ='10.0785 inch W '= ;o.ooigs radian

e .

H

- Bubstitution in equdtions (14) shows tHat the acéﬁracy is
better than 1 percent. The agreement of this rigoromsg-edélu-~
tion with the results obtained in the rslaxation procedure is
also good. T . \ .-

It might be argued that there is no need for the relaxa-
tion procedure if the simultaneous equations represented in
the operations table can be solved directly without dlfficulty.
This argument is Jjustified as far as the present example is
concernsed. In many other, more complex prohblems, however,
when the number of simultaneous equations:involved 'is very
large, the relaxation procedure may rapresent the quieker and
easier solubion. , - . > « cps . 3, L S S S
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Calculationof the Bending Momenta - . :..
The-%eﬁﬂiﬁg noment iz section-A. can.be essily aalou-
lated ‘with 'the s¥d of the . influencs  coefficients of bar . AER .-
given in equations (11), or those of bar AC given in equa
tions (12). If the distortions listed in equations (15) are
used, the followlng bending moment Ng :is obtained for sec-

tion & of beam AB;

'f Tt - . ", '.'t.:‘ ar

v
4

f . —~ e s
Ny = u it + v av + wan - - o= s

-0, 0513 X, 5170 + O 0785 x 7110 - 0. 00193 X 29 700

235 4 1nch~pounds'

-

" -

If the displacement u and the rotation w are sttributed’
positive signs in_oprder to comply with the slgn convention of
figure 3 and equations (12) the following expression is ob-
talned for peobion A of beam AB: .,

Ny = 0.0513 x 1292 +”o;d735'x”1777”+“of001§s=x'14.850

e =4

= 284 .4 inch-pounds, D s e

Therttworvalues differ by:;less than,l percent. .The 4if-
ference 18 considered permiesible gsince the calculations weFe
carrled out with a slide rule. The normal force T, and the

Blienr -force B4 “can bs.caléulated in a similar manner,, When
the s8lci¥atibons are’ based onicbar . AB Lo VD L

pl AR A N R ‘-'f‘nl':. - ";. Y L. . L "t\v'
L &

TA = u tt + v tr + w ta

(S _-—a 4T
>
-

= —o 0513 X: 2340 - 0“9755 x 2146 - 0. oomsz X 5170,-A;

Al fiaanty 0 0 e Ly aflat g G vg e

s A : : . e o . T Ve S

= 33 4 Beunds I T SV 5ﬁt?1:gﬂr o T P T
S L LT T ol W S I I R I L T

Ry =vun rt_& VPR RW TRIICruis oomee SLeads te ve.cw /
N SRR AR R IR e PRI i § o AENCR B S S - f

+0,0513 x 2146 ~ 0.0785 x 2340 + 0.001¢3 x 7110 *

-60.% pounds

i

il
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When the calculations ars carried out for bar AGC,

0.0513 % 292.5 + 0.0785 %x 268.5 + 0.00193 x 1292 = 38.6

Ty

R, = -0.0518 x 268.5 = 0.0785 x 29%.5 = 0.00193 X 1777 = —do.1
The deviation of the tensile.force obtained for K@ from that.
obtained for AC : is much less ‘than.l percent of the licad.

The two shear forces add up to "~X01: . pounds,instead of «the cor-

rect -100 pounds. . L L T P

sap b -

Lhe beﬁding“ﬁomenﬁ in ‘beam . AB can be-caibﬁfaﬁea_f?Bﬁrﬂ
equation (1). In order te get comsistént results, ‘the -follow-
ing values are ueed in the equations. :

- . £

.'.i'

N = 234.9 1nch-pounds T-= 38.5 pounds"RAB = ~60 4 gounds

Ry g = L3916 pounds

.

' . . N
Bauation (k) becomes x* - . L

e

38.5 X 10(1 - cos m) 60.4 x 10 sin ® + 234 9

619.9 - 385 cos m«— 604 gin m

T

Similarly, the bending moment intﬁea

IJ‘ L
|

. o fis:

’

hE

M= 38.5 % 20(1 - cos @3 - 39 § .5 zo sin @ + 234 9.

-

- 1004.9 1770 8§ I ISR Hn%H 1 i oo

g
=

The bending moment diagram. iq shown in, figure 4., S

| ARy LI IR . . W E oo - - :_7';'—' . _4-'—'.2-

. T

GALGULATIOE 0F THE BENDING MOMENTS‘rﬁ'RINGs dr ARﬁITRLRY sHAPﬁ

o »ija L ata- : SepeTon }wn.- S S TS T S
pebuane Bhofa ol v T

£y .- A A

oot

When the ehape of the median llnq gf theéframe deviatee
coneiderably from & circle o elligsau or. when there are addi—
tional,internal hraaing memhere incorpdraﬁeq ‘in the’ frame, the
claasical analytic methqu of caleculation, can eeldom ‘he use&
The numerical or graphic procedures Euggeated_bg Lundquiet and
Burke (reference 6) and Hoff (reference 7) and the coiumn C

PO

-t

PPN . i " .
LR ) 3w e ) W, - - - - PR o R Y -t
. - P . . H h e fe it Pt
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analogy develqped by Hardy Cross and .recently descrived .fior
the benefit of aeronautical engineers by du Plantier (refer-
ence 8) are ueseful in the former case ~ that is, when -the
momernts have to be determined in a closed ring without inter- v
nal bracings. In the pudlication by Lundquist and Burke,
equations are also presented for the case "of 'a ring having
one internal bYracing element. It is Pelleved that the pro-
-cedures descrlbed in the pregent report will be found reason-
ably slimple even when several internal bracing members are in-
corporated in a frame of arblérary .shape. . . = . .. _.._.. =
It will be shown in the next article how the relaxation
nmethod can be employed to calculate the bending moments in an
"egg shape" frame losded symmetrically with two -equgl and -op-
posite forces., The egg shape in question is the combinatdon.
of two arca of clircles and two gtraight lines. It is belisved
that the median line of every fuselage frame can be repre-. -
sented with sufficient accuracy by arcs of circlee and straight
lines, : ) " . H

:l!l

As the determinetion of the influence coefficlentes of
arcs of circles 1s & cumbersome task because of .the small difi-~ -
ferences of large numbers involved, tables and graphs of in-
fluence coeffiiciepts. have been prepared and presentsd for msa »
in part IV of the present investigation (reference 5). This
part IV, entitled Influence Coefficients of Curved Bars for
Distortions in Their Own Plane, 18 intended for use in future
frame calculations 1n the same manner ag tables of trigopo-
metric or hyperboliec funotions are used.’ v

..

It was found- that a resilt” of sufflitient accuracy can be
obtained by the relaxation method in a reasonably small number
of steps only if the computercan mdke a- good guess regarding
the distoried shape of the structure. Unfortunately, it 1is
hard to visualize the atounfs of.rotation the dnds of the tn-
dividual elements of the frame undergo, For this reason, a
second type of numerical approach ie presented. This uses .
thé .ejierdtiions table of the.'relaxation'méthod d4°1tes sfartthg.
point ané reaches the answer to the problem through a number
of golutions of two or thrdé ‘simuitanesus Iinear équations. t
The procedure is denoted as the "growing unit" procedure. It
is applied to the present problem and gives substantially the
same resulits as- the:ridlakatlon methed.- ' ' ~ -

o ot oLy ., S ECTE T S o

For acheck of the results thé - problam was also solved
by the greaphic’procedure df referends Z.' In addftion, the
system of simultaneous equations représented by the dperations
table was . solved with ,the-aid .of the "Matrix calculds. 'This e

[ B
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latter approach is discussed in the appendlix, but the results
of the calculations are presented in this chapter for the pur—
pose of a comparison with the results reached by the varidus’
other methods. The agreement is found to be good.

Finally, the results of one more comparison are given.
It may. be seen from reference 5 that the influence coeffi-
cienis ealcnlated on the basis of inextensional deformations
differ considerably from those obtained when the extensions
and. the shearing deformatione of the curved bars are tgken,
into accourit. In the last solution -of the-present problem
the operations table was recalculated using the "inextensionall
influnence coefficients. It turned out that the bending moment
distribution obtained through a matrix solution of this modi-
fied operations table was practically the same a&s that calcu~
lated earlier on the basis of the more accurate operations
table. :

In all the problems discussed in this report the crosa-
sectional dimensions of the ring are - -considered small as com-
pared to the radius ‘of curvature ~of the ring.. Gonsequently.
the distortions of the ring elements can be calculated fram |
formulas based on the linearity of the stress distribution = -
rather then the hyperBolic law valid for curved beams. Simi-
larly, in problems involving shear flow the lever arm of the
shear flow - that is, the distance of the sheet from the neu-,
tral axis of the ring section - is neglscted.

RS e

Basic Data of the Egg-Shape Ring

R

‘Phe dimensions of the. ring are given in figure 5. The
shape of the median line 1s taken from reference, 7 and can be
obtained by drawing the two circles of 20-inch and 26-inch
radius. respectively, with their centers 25. inches apart, and
the common tangents to the two ecirecles. It . follows from the
geometry of the figure that the angle. subtended by,arc T AB 1is
78.46%, and that subtended by arc OD 4is 101.54

It 18 assumed that- the frame is. manufactured: by bending
an aluminum alloy I~section to the required shape. The area
‘of the” I-section is 0..610.:sguare inch, its maximum moment of
inertia 0.952 inch* The deformations of the ring under the
loads depend upon_the bending, extensional, and shearing rigid-
ities of its sectilon/ i'It 'was -gshown in:neference 5 that the
shearing rigidity has a considerable effect upon the magnitude
of the influence. noefficients. An teffective shear ares’ A*
was, therefore, .definsd im -such a manner thet the strain
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energy in shear stored in an element:9f-the-beam of'an 1infin-
ltesimal . length'-&L could be calcyl@t@d from. the- simple for—w
mula ST s el . Sy ,1-~— fpa T b

FR .

B s e
R dUshear = (V /BEA*)dL

where V 1is the shear force in the section and 5 Ais Young's
modulus. The ratio: A¥/A, .where A 18 the actual cross-
sectional area of the beam, was denoted by £ and may be
termed the "shear rigldity -factor, It dependp upon, the shape
of the cross section and the'wvalue of G/E where G 18 the
gshear’ modulus. . In. rsference 5, formulas were developed for
the calvulation “of ‘the sheax rigidity factor for some repre-
sentative eross— sectimnal ehapes g N o . .
In the case of the Insection shown in figure 5, the value
of ¢ can be calculated from equation {10) of reference 5.
The computation gives 4* = fA = 0.081 square inch, It may be
noted trat with the I-section in question the effective shear
area 1s almost exactlv the area of the webd multiplied by the
ratio G/B, : o :

In the calcﬁlgtihns_that follow, E 41is assumed to be 5
10.5 x 10€ psi. Wigh this:value BEI becomes 107 pound-inches”.
The ratio G/B was teken.as 0.385. B e e

Caleulation of the Influence Coefficlents

Since all éompuha%ibnél work was carried out on eight
bank calculating machines, not more than eight figures were
kept in %he calculatiohs _— .

Are AB.- The angle subtended by the arc of circ}e vas
dencted B 1in reference 5. The parameter { was discussed
in the p:eceding article,: In the case of arc AB;;the values.
are: : T o i .

B = 1, 3694384 radians g = A*/A = 0. 1331058

The section- length parameter ¥ yas defined in equation (18)
of reference 5. .In.the case of arc AB .

t . - o .. . N w

_;;_?i;y,g AL /I = 480 8619 e

.
N

where I 1is ths 1ength of the are. The parameters g and A
“were defined in equation (19) of reference 5. Substitution
yields

o

N

i
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£ = 1.+ (B /Y) + (B°/YE). = 1.0332
A=1+ (B3/¥) - (B3%/YE) = 0,9746

The influence coefficients are obtained as ratios of the nu-
merator and denominator determinants. First, the denominator
is computed from squation (2la) of reference 5;.r .. .

. A = 0O, 00521084 r®

-

.{ : Sl o= i T
Zquations (21b) to (2lg) of reference 5 yield the\numeratore.

e = -

a *70,01986728 :EIr

o ='-0.04079524 BI .7 & T
tn = 0308730762 BI~

4
A
-
pl, ="6.18958066 (BI/r)

>
<
1

-0 14330247 (EI/r)

e S - 4g 20 oL

= 0. 19804284 (EI/i-}1 : «;;:3@;“ ?33

»ubomest sfgsty oz ¥T. 5

>
& -
ct
f
]
-~
e

PP . ¥
ER . -

“Ttﬁﬁe-iéflﬁence coefficients are noé'ﬁbteined“by &ivisidn:

SRR

ek
T ke ¥

2
w}
F
oo,

= Apy,/A = 3.81268 (BI/r)

-

(S S
3
"\

= App/A = -7.82896 (BI/r®)

2
[y
Lo WY ]

_ (16)
= App/b = 26.7866 (BI/r®)

an

ra

T2 = Apn/A = 5.24054 (BI/r®)
rr

T = Agp/A = ~27.4816 (BI/r®)
£t

= Aty/OL = 38.0059 (EI/r®)

A unit displacement is assumed as-10-4.inch,'and a unit
rotation as 10™% radian, 1n order to obtain convenient numbers
in the computations. Hence the values listed must be multi-
plied by 10"%, With
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s:uuBl/r @360 % 10° tnch-pousds
=ﬂqEJ/p8(§sEfslx-104'pounds =

BI/r°

= i

.125 x 10* pounds per inch

Nt . DN I S R Sl ! LN

the final values of .thécknfluence coeffidients become:

2

nn = 190.63; inch:ﬁouﬁds p;r 107 radtan )

rn =L:i§:5$227§buﬁds£ef légiﬁ;aégan

ta = 13.10%4, pounde per 107 % radian (17)
re = 3.3483§;pquqa Régv10~fignch (

tr = ~-3.43520 poundsper 10;4L1nch

Tt = 4.7507 pounds per 107 * inch )

Strajgsht _bar 'BC.- For the stralght bar simple formulas
are glven in equatlions (25), reference 5. Symbol t was as-
sumed to be 0.13305785. As long as thb' same valuse of £ is
taken consistently in the calculation of the influence coeffi-
clents of any one portion of the frame, it 1s of liftle -lmpor-
tance whether '3xh8%4% the same Value'iéuﬁ%eh“fbr 211l the por-
tions. A change in ¢ from one portion to another is equiv-
alent to a slight varlaetion in the cross-sggrtional shape.

The difference in'Fhé “two values of - ¥ given corresponds to
& change 1n the gross~sectional shape that {s well within man-
ufacturing toleraddes. The followlng 'data of the straight

bar are needed: dE LN o= ot
L = 24,4949 inches. - ¥ = 38514588
Eguations (25) ofi reference 5 give: . B
';:'1\1\,.. R I b R "‘3 ™
nn = 137.232 inch-poundsper 10~% radian
rn = ~8.10267% poundsper 107 raddem - i~ 1i
“%n = 0O Flatie od ze oo 2k Lemadpue VHE s
n = . : =1 - + 3 4. - . ..
n o Awdz bl ozaxfev st enden L ERGCLRSGS
— gerw 0 (18)
rr = 0.66158 pound per 10~%* inch
;; = 0
tt = 26.2058 pounds per 10-4 inch o

|
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v e . .
Are  CD: ... CE e wbeme s e e e .~
- - [ o)

A -
e

it

atgsP #.1.7721548 radians
v:2 b =0.13305785 . -

N L.
[

I N o= -HNmm .mmu.

k

.. .6 =-1.021226 o

;
#
A
“
|
|

A ,= 0.983760

The numerator.and.denominator determinants were calculated as
before. HWo influence coefficients have the following values:

., ¥ ...\n. . ...LN - ] - J .
- . . - e B [ B
e LA pumw“m qqumm AwH<u¢_ .
W0 R S Je.e11804 (BI/FR)
SN tn <'3.279169 (BI/r%) *-:
Uit hips g 0 TR, = 19,38230 (8 H\n )
A P r e .. ' .
N S I R ﬂw.m.xpu 89515 AmH\u v
3 N " .\ .‘. e 4 L~ =
s Yailz .. %h.= 18,70964 AmH\u )
’ sda e RIS i . . ’ ]
LR S .

With the walues ..

. BI/r = 40 x 10" {noh-pounds - ¢ ax7 -
PR t-s - P . T .,..-“n.n....:..” -
siae e« BLfE m H 6 X 16° ﬁoﬁﬂmm At Ty s
. 7. PRI s 5 #_ ) .. - .un . ...u.w..wh.ﬂnqﬁ.__.
R CBIf/x = 0. om» X 10 Hoﬁﬂmm per Hﬁaw SR AR
I " e e . S RS U
e LT Rt e
‘tHe -influence, coefficients bédome: ettt T oANeie
5 : ' ) - R
. o . - .
v s a3 s ) n o R R *
. i i .. R o - SR .
. LS R S PO
. - i
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fh = 151.135 inch-pounds per 10 = radian ]
Tn = -11.Q§§§Qupoqndspe;_ldf4 radian
tn = 5.24667 pounds .per 10"* radian )
£ = 1.24047 pounds per .10 ® inch p (20
tr = -0.88929 poundsper 10~% inch
tt = 0.8774 pound per 10~ % inch

'f” " The“InfluencezGOefficients at the Flxed Epd RTINS

tfay = v

In the example of the preceding chapter.'equil&brium had
to be established only at polnt & of figure 1, since at the
fixed ende B and O©C of the arcs any reaction forces and
moments were available. For this reasoh, only point A was
balanced in the relaxation procedure, and the effect of dls-
placemente of point 4 nupon the fixed ends of the arcs was
not investigated. The: situatlan 1s different 1n the case of
the frame shown in figure 5. There three points 4, B, and O
are displaced in the Ielaxatien ‘procedure. Gonsequently, the
forces and moments caused, for example, at A and C Dby dis-
placements of point B must be determined. 4As in the pre-
vious example, only a single motion is undertaken at a time
in the relaxation progedure, : For instance, point B is dis-
placed radially and at the same time it 1s prevented from
moving tangentially and from rotating, Simultaneously, points
A and 0§ are considered rigidly fixed in their positions.

The influsence coefficients calculated up to thils point
represens the forces and. moments necessary at the point that
moves, while the other end of the curved or stralght beam is
considered rigidly fixed. Simple equilibrium considerations
suffice for the caleulation of the reactlions at the fixed engd,
when the forces and the mdmenty at the movable end are known,
These reactions also can be reduced to the influence coeffi-
cient form. In order to distinguish between the two groups
of influence coefficients, the. former are denoted as the in-~
fluence coefficients for the movable end, the latter as those
for the fixed end. In the formulas the subscript M refers
to the former, subscript ¥ to the latter. If there is no
pdssibility for misunderstanding, as in the preceding example,
the subscript may be omitted. .

In determining the sign ¢of the forces and moments the
beam convention shown 1in figure 8a is used.




NACA TN No. 598 " | 29

The influence coefficients et the fixed end were calcu-
lz2ted with the aid of’ ecuations (27), (28), and (29) of refer—
ence 5. For arc AB their vealues are: . : p

filp = 0.33433 (BI/r)

Tap = -3.56887 (BI/x°)

fap = 8.71889 (EI/r3) " 2
. . s (21)
rry = 21.5691 (BI/r")
trp = -3T.7417 (B1/57)
"tty = 34.5276 (EI/r®)
Substitution gives
‘EEF = 16.7165 inch—pounds pqr 1074 rédian 7
;EF s -8.92216 pp@ndsperth 4-rqdian i 1
tnp = 21.797 pounds per 10 % radian -
o L ©% o (22)
rrp = 2.69614 pounds per 10 inch
;}F;Ei%$z§677i’p9undsper’10—4‘§gdh_?"'
'?}é < 4?31595 pbunds per 10 % idéh: - *
T SENE : R - SRIP L AL
LT e sowrro -~ R S
For the sgragggt portion'"Bc there is obtained‘- : R
() P S B _ © - M R R
R oo "-’.’:l"j I '_'-:"':"". —.:" '\.:. .’_.....-...,.,. ~F T - ! -.
o Tnh% = =817 242 inch poundsper 10.7% redian: .
v 1--..:r‘.'_ R PN T - e
"7;?? f §°10267 pounds per 10 ?adian s s e
E"{13’:"0 7 NPT B L T s
T SR e SN PSS A )
*ry = ~0.66158 poundsper 107 ingh fiz AR
SR N L S ) 2 M lanireas
't.'r'F.'.-‘.'.— O';‘ - ~ £ - .f . -j,- .-,E_z
— z
ﬁt?' ‘3P 2058 pounds per 10 “ipehi: T
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Por arc OD. the influence cde¥flcivnte for the fixed
end will not be-:needed invthe.relaxation procedure: Howevsr,
it 4s convenient to have ‘them: fur éheéking plrposes: '

Adp =« 37.649 inch pouiids per 10" * radtan h

EEF = -7;@524=ﬁouﬂdsper~10_3:iadian

EEF = 9.7881'pounds wer 10*?'¥adian > (24)
frp = 1.119416 pounds per .10 > inch

E;F = -1.063755 'pounds per 10 * inch

ttp = 0.696839 .pound per 10.° dnch j

Operations Table

In the, operatisis table -tae forces and moments caused
by the individunal o7srations are listed. &hn individual oper-
ation consists of a uisplacement, or rotatlion, of wone poin%t
of tke frame while all the other end points of the individual
arcs considered are reld rigidly fixed. " The operations table
can be easlly established once the influence coefficiente are

known.- v

Care must be exerclised in the mattsér of sigans. The bean
convention is not suitable for use in the operations table,
since according to i1t theisigns . of T and N -"depend upon
whether T &and N act at the right end or the left end of
the arc. TFTor this remason, the rigid frame convention shown |
in figure 6b will be used.~tIn this conveiitiod ‘clockwise mo~
ments are positive at either end of the arc. Similarly, a
tangentlial force 1is positive 1f 1tse direction corresponda to
proceeding in a clockwise sense along the- .47¢.,  The radial

force 1s positive when it acts toward the center of curvature.

Moreover, the operations table 1s i6et up by considering the
effect of each operation upon the constraint rather than upen
the beam. In other words,the table lists the forces exerted
ypen the imaginary supports (or conetraints) when one of the
points is displaced. R SR

In the particular problem at hand, points A and D
will certalnly remain in the plane of symmetry when the dis-
tortions of the frame are caused by the symmetric loading
ehown in figure 5. It follows further from the eymmetry
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i

.that ;the-horizontal -tgngents gk*:4 and D will-remaln- ‘horl~-
zontal. On the other hand, the distance between A and D
will change under the loading- Is:suffices, thereforey for
deseribling all possible redapive &tgplacements tanconsiderﬁ:r
the .beam as rigidly fixed-at- D. and - to allowigecéblon: & <a-
eingle :degree .of freedom- of motion: namely, thablofca verti-.
cal, &iaplaqemenb (See,_fon inatance. referencesa.)o_‘?: =t
TR BFAE N 34 PERLEL- B S O DR YR LT S £ R = B
.y In-thes fiﬁst row | ‘of. the opedations tabler(bable=6) the-
effect of a radigl &isplacement of point ' A-‘'is lkisted. . Erom
equations (17) .the radial force acting upon beam::AB -in mde<
tién A is 3, 34833 unrds when section . A g displated -the unit
distance (10-% i4m the positive rgdisl directteon.i . Cdnsé~
.quently, the- reactiomnoﬁ this force; that is, r-3:34833 gounds
will be -exerted upon sthe constraint at ~A, The. ¢ffesct .of tH¢
.game .mot Lon uponw ‘the tfiixed end of the-beam at sdctiencB ke o
given by the *influence cosfficients for the fixed verd .cod-tie
tained in equations (22). These influence coefficients must !
again be mulxiblied by ~1 in order to obtain the effect of
‘the displacément upow the constraint The final values are:

S -1 B SR N i { SRR §

: Ny = 8.923k8 sinch-pounds - By = -2, 69614 pounds TB 3~96?7l pounds

A s pa D

With these forces the change from the ble am'honféﬁtion used’ 2
for. the Wrfluence do&fffdients to the rigld frame convention
used in the operations table did =not entall any changﬂs in | .
sign, as may be seen from a cﬂmnarison 5F figur%s ‘Ba anﬁ‘&h""
It may be noted that a posiﬁiVe'radial deflbEtdon’ of %he team
et point A caused a negative r&dial’ fortce’ 0" g8t’ up %! the
constraint at. A. This could be expebted, Bince an uplkarad
force is felt if the movable end of the, elastic cantilever
beam shown in figure 6a is puéhed down, T - '

- . - « >

o mmattt LE : ..=."' R

The' second row of the ope:a%ions tablé shows the effect
of a rotation of the section at B. If end section B of beam
JAB ' is rotated through.a positive angls)of  10™* radlan, the
forces and the moment caused at are given by ;he influencs
coefficients for the fixed end- (eqﬁattonf t289)- ‘Urily the val-
ue of Ra is,listed in the operationd table; “$iHe3Y1E716 not
neceseary to balance N and T,. Becauss of the syumetry of
structure and 1oading, the point symmetrically situated to B
would always be: displaced in the same manner as 'B; is. and
its displacement iwould cause a tensile force and a moment .
which would balance N, and T,. (See also reference 9. )
The effect of the rotation of section B of beam 3BC wupon the
fixed end at ¢ ie represented by the influence coefficients
of equations (28). OFf course, a2ll these coefficients are
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multib]ﬁeﬁ Yy —l‘befare Bhtering them 1n the operaxions.tahle

Ny e . vooete N R ML TN,

Z-The effect. of a. rotatdon of section B upon the forceﬂf‘ )
and ‘th'e’ mbment' at! B .in ‘given by combdbinatioms: ¢f the influ-.
ence ccefficlentg for tthe movable .end .of "beans B : and -~ BC.
It-miiet not be fd&gotten,.howevbr. ‘that in the calculation.
the rigid frame' cohvention must. be:vsed ‘in determinming thafm1
corresct sign of the influence coefficients. According to fig-
ures. 6a. ‘and 6b at* the right end of+the beam' AB:-j the’ two sign
gonventions are identiecal,s but at the left’ ehd of: beam B0, -
only the signs ‘0of the radial force are the- aame “those;.of: .the
tengentibli-force and the moment are  opposed- (Gf ftg;-7«&:!:
Dirsplucements and rotations are considered %p have the :reame: !
poeitive’ genseé as the corresponding forces: gnd nmoment, reEepsc—
tively. v If the miltiplication. by «Xk is also-carried oub’ inf;.
order. to obtain the forces and the momernt acting upen ths can-
straints the embtire. calculation can -be given in*the Loliombng

1ines: fr.inksi .o Lt o asalal
cm et e M e . .o N o R v oed e 'It‘
a e T B e T T S B . - B sSaadin

1. Influence coefficient for ) ' .
beam = AB ol ana RIATA G e+ -190,634 . -19.65724:2,. 13.1014

o

2. Influencescoefficxenm for .o x4l s "o <t
boam - BO. it piifa Las ot srARREBE.  -8.10367 O g
= ’:‘** *'r 5 A R R Y2 7 SR S A B} -
3. Row (2) multiplied by ~1, b0 obm B T S _
tainieoefficients correﬁponding R R -
totpesliive. rotatdon, aceording. - ) e g Bmivea P
to xigld, frame; pOpventienrﬁ.r _.~137 232 ) 8 102675, 2.0n¢ o -
rr-\;n!f*v_r‘-x'—_.‘;:_"- i s S . .’-'-: AL S T Y S « _
4, Stgns of preceding 1ine changed v ”;=u§? b e s

to conform with rigid frame con-

7wention fq; forcg @nd moment . 137, 232 ‘e ,.40267 0] B
L : :q by S Corre - '
5. Sum of rowgw(l) and (45 n-j.:_ 327 866 '_11 4597 " 13 1014 .
n . _, Lo Ko Al -'
6. Row (5) multip;iea by -1 to give S : P T :
-\effect upop;popstraint Pt -327 866 =-llu4697 -13 1@14 .
Ryt S Lew e N .h.:r' T . .E o1 bo] : ’ S+ AU ) T
-l“ll .'-"o..‘ ' “l,-! -.- s "";-'
,-pincg the gplculation p; the other items 1nuthe oneratioas
table, ;s,cqrripﬂh ont.gccording.to the same.princip;aﬁ; further o
detaila axﬁ-.ng,.agixsn- T D A A NS S
R NP7 SRR pad e T s Co Tl L ey R - =
LI O S e*xsﬂf‘}’ S ' B Tt oea B e
RS N & R A s S JEe RISV R
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e $olut£on of the Problem by Relaxation
The pirpose. of the relaxations is tq £ind such multipli—
ers for operations 1- te 7. as result in. Ry .= 500 pounds _

and in vanishing valués for &1l the forces &nd moments Ngp.
to Tgy. The value of 500 pounds is stated.instead of 1000

pounés, since because of the symmetry only one~half of the
stracture;;is considered., There is no need for balancing the
forces 4nd. moments.: Ny, Tpg. Np, and . Pp., since theJ are au-

tomatlcally balanced when the 1eft hand half of the ring under— i
goes distortions symmetric to those undertaken with.ithe right-
hapd half. Moreover, because of the conditions of equilibrium
of the external forces, a residual. forcs Rp = 500 must be

obtained automatically at point D when all the other resid-
ualsara” brought down to negligibly small quantitiee. This
force 1s then balanced by bne—half of the lCOO-pound external
force at D. "l i P s .

. ‘- .;;; .

In working out the present problem it was thought advan-"
tageous to begin with a rough guess as to the final shape of
distortions of the ‘frame, 1t was. cienvenlient to aornsider sec-
~tion D as rigldly fixed.and to assunme reasonable amounts of
radial and tangential dieplacements for €achH 8f potntes &, B, .
and C. The amounts chosen are iven - below together with’ the:;
forcee and moments causéd by their simultaenedous oOccurrence.
Ae may be seen,. the radial- and tangential displacemente listed
correspond to displacements of points B, and ¢ upward end -:-
to the left, and ‘to an upward displacement of point"A, The
rotation of - was -a&seumed %o Dbe. clockwiee,_that of ¢
counterclockwise The forces and: moments.were: obtained by’
adding up“porresponding values of- the- operations .table after
the- rows, were multiplied by ‘the: faeto?s chceen ,IheJdiptor-"
‘tions ars: ce ot

e T .

. : . .:~ t T i

50 units—TuB = 43G“ﬁhfts “

?A‘= ~100 unitsr wg = 2'nnits JYBi

— - ) P - B
e e —— w *

g = ~0.5 units vy = S0 wnlfs -ug = ,-'31' units

The forces angd . moments fesulting from the distortions are:

° LT - ~ .
e e mi— e . L . T - B e I

- H 19_"-5.' o

v
? -

98.839 ..-145.67 T B6.i%2  :1%4.9 © -B368.6 - w6377~ -11.57
. ‘ 0 o - nr ’ Tt Torack o2 .
N

P e e wes
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The set of dlstortions listed can be considered as a
"group displacement." It will be denoted as operatlon [8];«
In the course of the relakgt;ons 1t i1s advantageous to make -
use of othey combinations of the elementary operations. Two

gsuch combingtions were used in the relaxation table (table 7).
They are listed below. :

Ry ¥y Ry Ty Wg... Ry Ts-

Operatiorn [9]

~100(ug+ug)

Operation [10]

[9] - 120 VA
In operation[gj the shape and the length of the straight
Opérations of this kind are
In a block displacement

beam {beam ;. BC) do not change.
denoted as "block displacements.!

¢

5.03

239.5

~-19.98

-

-396,771 1310:1i¢ -343.52 476.28 524.667 88,929 87.75

<0.85 524.667 88.929 87.75

part of the structure undergoss a rigid body displacement.

Lt

Table 7ok Flrst Relaxatibn Table_ 

A 0
W SRS

. e
PRLY I
-

Rl o

s

—r - .*hlqu. ,

Operation | R, Né.r¢ L Tyt N . B T
‘| 98,839 | ~145.67, |- 26.132 | ~13449 h-*~368.6 le=16,777 | A1I67°
0.3 [ 9] ~119.03. . |. 393.G4 | =103.06 142,580 | ~:157.4 |, 26.68" £6.38 "
-20010+ | 247.8F | -76.95 | 7,88 |“211.2. | . 9.81,f 57.90 :
-25 [3] " B7.40 [ =286.74 | 100,25 ;sﬁfga_ . 202,6 . | ~16.64 |- 0 ;

47.21 | ~39.37 | 23,32 |:o=78.20 | 8.6 |" -6.63 | 37,90

-2 [4] . =7.94 } . 26,20 _.,‘ms 87 |+ 61.50 0" 0 ~52,41

139,27 | ~13,17 *F 16,87 '] ~16.29 -8.6 ~6.63 | ~14,51

0.1 [10] 0.50 28.95 | -2.00 -0.09 52.5 8.89 8.72

ey ARET 1, 20.78: |0 14,45 ~16.38:1 " £3,9 2.26 | <5.79

0.15 [5) o -9.19 -1.22 0 ~43.3 ~0.44 | «0,79
39,77 1.5%2 | 13.23 -16.38" | % .8 1,82 | =8.58 |

5 [1] ~16.74 44.6 -13.48 19.84 |+ -- - —
b

. 23 03 . 46;2 [ T -002-5'"'_ . _"5‘4}5’.‘ i K 0.6 . 1. 82 "‘6.68

0.14 [2] BREPY -45,9 1.61 -1.83 -8.57 1.13 0

. 24,28 0.3 . 1.86 + 1,63 +8.0 2.95 | -6.58

-0.028 [5] 1.71 0.23 o |, 81 (., 008 | 0.15

4,28 | "-2.0 © 2.1 " i.63 ] 0.1 3.03 ~6.43

-0.15 [7] ' 0 0 ~3.93 0.5 0.08 4,06

?:4:.28 2.0 201 -2.3 006 3.1 -2-37
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-

Instead of balancing the largest residual force at each
stage, 1% was found. more convenient to adopt a particular pro-
cedure. After operation [8] was completed, an attempt wads -
- made to reduce all the residuals but Ry to negliglibly small
quantities, while keeping Rp as large as possible. . The pur-

 -:9933 was to establish a distorted shape corresponding to any

finite radial. force at A and negligibly small residuals at

-points B and, O, Division ‘0of 500 pounds by the radial force
.8t A so obtained yields the factor by which the complete set
“of operatione undertaken must be multiplied in order to obtain

o - Table 8.- Check‘Té5$é

- *»9359-

3,187

13'percent in -nine: operations following overation [8].
the relaxation was continued,
established.

sults,
laxed in 1l more operations (in table 9).

Operation RA i} NB RB TB NC RC TC
~107 v, | 358.271 | -954.671| 288.487 | ~424.545
2.4 Wy 19.093 | -701.633| 24.545. _-28;037 -151,058:. 17.340 0

I 285 s -67.404 | 286.742 {-100,248 85.880 -202.567 | 16.540 0
72 up  |-285.675 | 943.301 [-247.334 | 2228.875 0 | o -1886,818 -
-0.378 wg| | 23.149| * 5.063 0 1q9:0q3f 1.117 1.983
50 v, s 405,134 sg,ovejiﬂ o -147.811 -95.103 | . 744.465'
71115 0 0 .|-1864.543 373.301 | 65.275 ] 1926.977
Sum. 24.286 ~  2.022 1.592»f . 0.568 | -z.;zz.

In tadle 7 ‘the object1Ve was attained to an accuracy of

Before

a check table (table 8) was then
Some slight differences were found in the re=-

and the residusls of the cheel table were further Te-

- .
fL I
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‘Table.9.- Seconﬁﬂﬂelaxatign.Tqble:
Operation Ry - Ny . | B S ‘BRg | .%o
Results of .| B - . ' r . _ j e
Checlz Table | 24,286 2.022 | 1.592 | -2.369° 0.868 3.167 | ~2.322
261 -7t . . 16.205| 1.323 ] 0. 125.912 | ~3.804 | ~1.779
Lo | 2W.286 | 18.227 | 2.915 | -2.369 | 5,044 | -0.637 | .10
~0.15 [ 7]. DR 0 . | =-3.931 | +0.787 | 0,133 | k4.062
24,286 | 18.227 | 2.915 | -6.300 | -4.257 | ~0.504 |.£0.039
1.h71] -4,688 12.491 | -3.775 5.555 ' ;
- 19.598 30.718 | -0,860 | -Q,7H5 ~4.257 | -0.504 | ~0.039
0.094 [2] 0.837 | -30.819 1.078 | ~1.231 -5.757 | 0.762
20.435 -0.101 C.21€ | -1.976 | -10.014 0.258 | -0.039
-0.0347 [5] : 2.125 |. 0.281 0 | 10.006 | 0.103 | +0.182
'20.435 | 2.02% | 0.499 | ~1.976 | ~-0.008 | 0.361 | 0.143
-0.025 [4] -0.059 0.328 | -0.086 0,774 0 0 " ~0.655
1 20.336 2.352 | 0.113 | -1.202 | ~0.008 | 0.361 | -0.512 |
10.2 1] -0.669 1.78 ~0.539 | 0.793
19.667 4,136 | -0.126 | -0.409 | -0.008 0.361 | -0.512
0.0126 [2] 0,112 | .-k,136 0.1k | —0,165 | ~0.77 0.102 | ©
| ' 19.779 | o - 0.018 | -0,57% | -0.778 0.463 | ~0.512
~0.0027 [5] S0 404165 +0.022 | .0 +0.779 +0.008 0.01h
N 19.779 | 0.165 | 0.040 | ~0.57% | 0,000 | O.471 | -0.u98
0.1 [1] - =0.335 | 1 0.892 ~-0.270 | 0.397 :
o 1900 | 1,057 - | -0.230 ~0.177 | 0.001 0.471 | ~0.k498
0.002 [2] 0.017 | ~0.656 0.023 | -0.026 | -0.222 0.016
C19.MEL I 0:kor | -0.207 | 6,203 I'-0.321 | 0.437 | -0.498
Results of Sl o . SO
a second et B : S SEI A P ‘ :
check 1 19.471 . 04380 ~0,199 | =0.266. .| ~0.124 0.487 | ~0.445

After these the greatest residual force at pointgs B and C

was 2.5 percent of the radial force obtained at point 4.

second check, details of which are not given in this report,

A

regulted in the residuals listed in the last row of table 9.
Since the radial force at point

A had the wvalue

it i kel
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e;uq,_ﬁ,,”i_, r 3* 19 471 pounde
) A i.-.’"" e .:f o ,‘ ‘-_--: - 2 ﬂ (e I -, -:*'-_ : l“.:' . o - ..“.'.
all the operations haﬂ £8 be multiplied %v the factor LT .
: : = eewELID. TIa dFL

P e s ] 'r: ; . - cr g e N
el s e 5oo/ﬂ9 471 25875 3 i:;' o TR

:-’. ‘1"'5-.‘: s

in order %o obtain the final deflected shape of the frame.
The final . deflections are given below:

g -

vy = _o 2704 incﬁ" wB = 0. 005774 radian vB =ro 06420 inch

B Y

up = -o ;8495 1gen wg = =0, 0010667 radian vc';' ‘133%3 incﬁf(zs
. "rlg
P ) . T - NI

ug = q0¢18569"£nch ;?:?" o f '-7'- Ly Eae -

T
—— e . . -

s "'- S e . - P
" . . —
Y

Iﬁ fnay ' ba ssens that the firat guess for the deflected

shape. as given 1n operation [8], differed considerably from
""" Neverghe;ess, only a comparatively small num-

ber “of- reiaxatione was: required for the solution of the probd-
lem. The~deflected. shape is shown in figure 8, Next, the
‘bending moment distribu%ion is calculated. TFor ‘this purpose,
the tangential fprce apd the bending moment_ at point A are
needed. These are caused by the displacements (and rotations)
of points A and.. B, and can be calculated with the ald of
the influence coefficlents given in equations (17) and (22)
The calculation follows:

Caused by: va=10"*% v,=-0.2704 wp=10"* wp=0.005774. vz=10""

NA -19.5724 52924 16.7165 965 -8.92216
TA -3.4352 ©288.78 21.7972 1258.57 -3.96771
Caused by: vp=0,06420 up=1l0"%* wup=-0.18495 Sum

¥, | -5728 21,7972  -40314 7847 inch-pounds
Ty -:I_.i%§§47.27 4.31595 -7982.35 - 17.73 pounds

- - . - - R

Since influence coefficiente were used in the calculation
of the moment and the tehsile force at &, the values ob-
tained represent the action upon the curved beam;, and the
slgns are in accordance with the beam convention. It must be
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noted, however, that the signs of the displacements used in
the preceding calculations aleo had to be taken according to
the beam convention. In. the present case, this requirement
did not cause any change in the signs of the displacements
obtained from the relaxations, since the displacements and
the rotation at the right end of the curved beam, and the ra-
dial displacement at the left end have the game sign for the
two conventions. : : . .

With the values of NA and Ta so obtalned, and with
Rp = ~500 pounds, the bending moments were calgulated for sev-

eral points along the medlan line of the ring. The moment
‘distribution ie shown in figure 9. . The- bending. moment, the
redial force, and the tangential force at point D ‘were also
calculated from the influence coefficlents in .order .Lo. obtqin
a check of the accuracy of the caleculations, Care must be T
takem,ta trmansform Lhe signs of the displacements at point G
to. conform witp thq baam conventiom{ The - computations follow:

‘ \'x‘J [

'*"’"B‘r. SR -

N L

o;uséa by.*wq ,(30,4? wc > dl0010667 10 7‘ v = 6-13353

T ii’?,'fi? L ".,:t ,":02{?. «?:%524 EECEtIN

Rﬁ"‘_z:;_'x':.‘_'t.“,'.‘."""‘ T ATt LY PRY wisiis [ iess,

m13""'“’”"= e 9;7éeyw;5r:T:';;164=55 -}~l;63755-: j1;3é5344 i
O T

Oaused by: ug = 10%# ug 2ion 1830073 c-x v BRE o .

¥p' -0 9.78eL%Y  Aawelv . 9601 ingh- pounds

RiT - -1.08755"° 1900 ‘=483 pounds

5 0.695839  1274.01 -7.04 pounds

-

These values show that the accuracy is sufficient for en-—
gineering purposes. The radial force obtained deviates about’
3.4 percent from the actual -500 pounds. The bending moment is
ghown as 9088 inch-pounds in figure 9. The deviation of the
average of the two values from any one of the values givea 18
3.3 percent. - The: forces Tp apd., Q4 should add up to zero.

In reality, their sum is 10.69 poumds, which is about 2 1 per-~
cent of EQO'pounds?ufthat is, of onse~half the applied load.
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The Growing Unit Procedure

In the growing unit procedure the unitse of the ring are
combined gradusally into units of increasing size until finally
the entire ring becomes a single unit. In each step of the
procedure two or three simultaneocus linear equeatlons have to
be solved. The growing unit procedure has been developed,
since in many problems the relaxation procedure is too slowly
convergent, This is true particularly when thse shape or the
loading of the frame does not allow a good guess regarding
the shapes of distortions,

When this procedure is applied to the egg~shape frame
loaded by the equal and opposite forces at A and I in fig-
ure 5, it can again be assumed that section D is fixed in the
plane, and section A is only free to move in a vertical direc-
tion. The first step in the procedure is then to combine
beams AB and BC into one unit AC, This can be accom-
plished by determining wup, vB, &and wp so as to cause N3y,
Rg, and Ty +to vanish when in turn a unit radial displace-

ment, & unit tangential displacement, and a unit rotation =are
undertaken individually at points & and OC. '

In the present problem section A moves only radially.
The forces and the moment acting at B when vy = 10°* inch
are glven 1In the sscond, third, and fourth columns of the
first row of the operations table (teble 6). The forces and
the moment caused by the unknown displacementis and rotetion
at B can be obtained from the seecond, third, and fourth rows
of the operations table. The reqguirements of the vanishing of
the forces and the moment at B can then be written in the
form:

-327.866 wy + 11.4697 vy ~ 13,1014 ugp -8.92216

11.4697 wp - 4.00991 vp + 3.48352 up = 2.69614 > (26)

-13,1014 wp + 3.4352 vy - 30,9566 ugp

-3.96771

Solutlon of the equations gives!

0.00344928% % 10~ % radian

~0.612145 % 10~ % inch

w3

B
ug = 0.05878271 x 10™° inch
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The displacements founi'givéﬂﬁfEaito forces .and:'a moment at
c, which can be calculated from the values In the second,
third, . and fourth rows and ﬁhe last three ‘dolunrndg of the oper-

ations table._;;“- ‘ . :: : s CAsd : ) - cnp
Cow, = 4.74&%6?;iﬁchJééunds AP P

R, = _o.zvéosgs e L (39) " .,

T = 1.540448¢pdunds - L

In order.t0 be able to balance out the forces and the
moment at € as ‘given in eguations (27) secticn C must be
displaced -and. rotated Duxing these motions, however. no uh-
balances must -appear in seetion B. In the .next step’ ‘of the:" i
calculations, therefore, section C will be,in turn rotato& peun e
displacednradially,,and displaced tangentially. and’ in each _
case.values. of-:Wwgy 4¥g, up will be’ calculated 80, ‘as to D

cause. Nz, R, . and Ty to vanish. When section ' is ro~ ";

tated through a" positive angle of 10 —4 radian, the operatiqns,‘“
table gives: : T R R

P
7

w:.327 866 wp .+ 1114697 vy . 13,1014 up = 61.242 17
A1L 4597 wp - 4.00991 vy + 5. 4352 up = 8.10267,

,_-L3 1014 w;a + 3 4:352 v ~- 30 9566 u_-B = 0

.'J - l

It may be seen'that the 1eft hand eide terms of equatioys (283,U,
are identical with those of equations (26). Solution Tof eqpa- .
tions (2&) yields

~o: 28372447 x 107% radlan

g 2;5_7 i é'_ - - I3 » .- i BTSNt T . r
vp = 3. 0160675 x 107% tnech ' to(29)
oo : -
T 4 N .o . .

up = 0.2146168 x 107* inen

These displacements cause forces and a moment to appear in ' '"
section C. Their values may. bs calculated with the ald of the

operations table as ‘Defors: -i

L}
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RO

*rﬁ6'= 41, 814055 inch-nounds
iy !

;4;25430 pounds- ) : (30)

m‘

':-_'»'.: R Ré.':.‘

T = -5.624205 pqunds ' L
.o N R o
PO L - N - . ) o
In addition,” “%hrees and a moment are caused at € Dby the unit
rotation of C itself (while sections B and D .are held fixed).
These quantities may:be taken directly from the operations

table: _ N ae o m

A ¢ e om0

i~
"

-288 367 inch—pqunds=

)

ty
",

—2 95622 pounds

-+
I}

‘«5.24667 pounds

Consequently, a unit rotation at ©, toéethé; with the mo-
tions at B required for Ny,  Bg, .Tg te vanish, gives rise
to the following forcss. gnd: doment ‘at * 0 - :

| @

T P L. R ~
6) l Nc = -246.55294 inch-pounds.
neiTy
\
" R, = ~7.25052 pounds .. (31) .
N DR I I R R ”
Vs mgﬁé':165§$0875 ﬁé&hds

o .- e -
ves bl

.-:_._“q; t,\'.-u ..
The effect ofa.unrtradial and =a tangential displacement
of ©, respectively, upon thesfored% and the moment at ©
can be calculated in an analogous manneér, Agaln, the left-
hand side members.of the equatiuvnd af@“i&éntical with those
of equations (286)1 and (28). The right-hand- side msmbers hgve_w

the values . Li febdmaeails .1' *ynn T T L B -
. 3_"\7 FEARANELE """ T - o - —— e —_— _'z.—-_—:f-__

~8. 10267 0 56158,,an¢ R A

pan~nat 2l 10 te R Tt g TR e

" r - :jj '?‘..

when © uniergoesfaxuhit Tadial di;placemeﬂt,\and

-.'_'.'_:"“" Ea s L e -z
0, O and -26. 2058
-:."'---'~'~- : T
when C undergoes a unit tangential diqplacameqt Solutlon

ere f -

of the squations glves Loor _ S

!
O
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¥B

1]

UB

VB

when C undergoes a

¥B

ug

\p:]

when C undergaes a

NACA TN No.-998

0.08369378 x 10™ % radian

0.2753198 x 10" inch (z2)

-4

0.01629283 x 10 inch

unit radial displacement, and

~0.0L03984F 'x -10"* radian

1Q.7726881 x 10 fhinch (33)

AT S % IV

0.9366781 x 10~ ~4 inch

unit tangential displacement,

The forces and moments caused at c bv these displace-

+ + L

ments arw

CIre ¢

when O undergoes a

T I “_'.N_Q
T Ry
e g

when © undergoes a

. Fve e pr:.

~4.29430 inch-pounds.- )ﬂ-m-rr A

0. 426967 pound (34)

O 4551558 pound

N

unit. radial disp@agemqgm, and

= _5 624205 ;nch~pound87_

= O 426967 pound Lo (36)

‘n*

24 5464 pounfs

unit tanrential displacement.

{-.0 ." [

The effect of the motion of .0 upon the forces and the
moment at C (considering:®. and D as rigidly .fixed): is .

agaln taken directly

from the operationes table:

A& VI . B
Al -

L L S

~2.95622 inch-pounds
A A - oo

~-1.,902056 pounds 20 RN ST

H

-0.88929 pound

it |

Tia -1
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when C undergoes a unit radidl d¥sfracémetit, ‘and /-

~uNg:= +5,24687 inch-pounds
Rc‘f_-g.gqgég pound

Tg = ~-27.0833 pounds
. » T - . [

when C nundergoes a unit tangentlal dieplacement.

_ Altogether, the forcés End moments at 6 becoms, when
G 1is displaced radially and tangentially, raspectively,
through a positive unit distance.

NC —7.25052 1nch—pounde

Rg = -1.4468943 pounds (36)
t-

Ty = -O. 452323 pound

o . ,

in the case of a radial d.itspl_a;c-exn_-e‘__::z;.\‘::,,___zet_xc'ui_“~

-~

L thee ..N-c = ~10.8708%5 imch-pounds B
[ ) ':_.;',_:',} no s e g .11 "'"'.L .~.q ,_“ . R e
TeIna :pﬂh-=”h02452$23¥?aun¢f"zﬁ ST (87)

Tg = -2. 5369 pounds

S N TOL S S I
in the case_ of a t?ngential disp}aeament

Equations (31) (36), and (37) give the)fbrbet and the
moment caused in section O by the three Posaihle motions of
secti®dn 04t The's®i¥altes’ correspoﬁﬁ o BuchT A1¥t ortions of
the ring-bs do:mnot entall uadalahedd” force%’offhbments any-
where along the ring except in the end sections A and D,

The values of the-mptiohd atx O:¢momt, howsbewdetermined in
such manner as to balance out the forces and the moment caused
at C. bv the unit radjal”displacpment of- Ax These unbal-
anced forces are listed in equations (27). "The requirements
that Ng, Rgi and-.Tg "must vanigh can be. stated in the form

of the following three simultaneous equations;
7L25 gé "a 7 ;Q TIan
17248854873, °C 6. 885328 g5 %0 89703434(38)

02 o 3 P

B70855700. 5 o4, 74876?

fre24e;352é y

l(i ,_D -

-7.250562° W

-10.870875 wg - 0.4623238 vy =~ 2,5369 ug = ~1.540448
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The solution of thess squations is
Py tsienimnbea S Tagltlea Sl RS :
we = 0.003849891 x 107" radian

W oae e et ~ e u 3

vg = -0.4976019 x 107% inch (39)
RUESvE o 3 S M N T

[
»

0.6814022. x 10™% inech

ug

Thesp-are-thé actual motions bF sectlion € when A 1w
displacsd radially through a positive unit distance, and_when
the motlons of Birtareée suek as“to Tesult in vanishiﬁé'forcpa
and,momert-at- B,. The total motions of B ‘can be obtained
by adding up the values cotresponding to the following: fdur
items:

1. Motions of B when 4 15 'dieplaced radially; given
by the solution . of eguations (26)

2. Motlons of B  when .0 . .is rotated; these are the
values listeéd in equations (29) miltiplied by the
factor 0.003849891 taken from equations (39)

I S ) . .

3. Motions of B when C 1s displaced radially; these
are the valuee listed in equations (32) multiplied
by the factor -0.4976019 taken from equations (39);
and X Coien Co

LIV |

4., Motions of B when O .4is displaced tangentially;
these are the values 1isted in equations (33) mul-
tiplied by the factor 0.6814022 taken from equa-
tions (B9)u twc - uda ot i ele. L i eaen o all ot

SO M e v

£ ptiprace-

Add1tion of the individual'fotations, rhgipl’ ai'
ments, &hd" tangéntial displacements, rpsﬁébtive v, vields:
T I L I A S SRR A :

v ot o et “ Fof onbkgw

- . LT . .i..-_._-\,“'x:{u_. . ._“
S T4 .:vB ® 20,0214944 x ,J07* rpddang;

RIS

i D - PICIE B E- O Losnd R L e
7 lvp =-0.284245 x1007 1noh. s 4ab b (40)
gorcy L NIRRT Sid SN -5 SUFTICIN LY TS PR ;1 2.
conn 2 UB =.9'6§8%Q§§rx 10 ; ingh =« W heen
o o . A ’ t IRT R g ’ :“ :“. ,l'a'..l:...' t ::, & gt 4

It is posgible 'pow to determine thevrddlial forés &t AC
corresponding to the distorted shape of the ring just calcu-
lated, .¢This.forcs 'depends upon the 'Hoflons'’of pointg' ™4

R . - . e e g, s ay, mAt R ..
§ -1‘:‘?‘ PR L S R B Y e BC PRI ) __ﬁ_'t’ o '-.‘Zl.’x S 1 [alEE P
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and 3B. According to the first entry in the operations. table :
(tadle 6) the radial force at 4 caused by a unit radial ..
displacement of A 18, provided B 4is held fixed, '

RAA = ~-3.348383 pounds

If now A is fixed in ite displaced position and B ie
moved into the position indicated by equations (40), the ra-
dtal force at A caused by these motions can be calculated
from the entries in the first column of'the operations table
(table 6):

R,y = ~0.0214944 X 8.92816 + 0.334245 x 2.69614
+'0,6881085 x 3.96771 = 5.169978 pounds

The total radial force at "'A ‘is the sum of the prédqding_jﬁb?
forces: i ' ' S o
Ry = Ry, # Ryp = ~0.178352 pound - _(41).

In order to balance ﬁuﬁ.fhe 500-pound external fdrce carried
by one-half of the ring, all the distortions of the ring and
force Ry 1in equation.f{41) must be multipiied by the factor

f = -500/0 178352 = -2803, 4448 D e (42)

Multiplication of thé values given in equations (40) and
(39) yields the final &isplacements and rotations.

o.oosozseSé'radian vy

wp = = 0,065669293:ii6h
ug = -0.19290602 .inch . . wy = ~0.0Q1079296 .radian) (43)
Vg = 0.139500Q.1nch ug = -0.191Q027345 inch. | r

At the same time the radial displacement-of point A 1is
naturally

-V.A. = =0, 28034448 ineh- - _ o s E 0 ol

. . Ve Tl H
£ Lo . -._’;.- 2

tions the forces and moments at points  “A-'ghd-~"D  gan be__,ﬂ._ﬁ,“

calculated from the influence coefficlients.
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These caleulations were, . carried out in the same manner
as shown in . conneotion with the eolution by relaxations The

v'results are _ s

: i
S -
, Ty Erle e - D.

= 7970,2 %nch—pounds

= 13.24 pounds

A

= 8868 tnch-pounds

: ;499;85pouhds

i

(= B |

= -12,52 pounds

tained by relaxations I ND' is calculated as the sum of
N, ' add 70 T, the result' namely, 8898 inch-pounds, d4if-
fers from . Np.= 8868';nch;poqnde by about 0.3 percent. The
value of :RD. ie practically equal to one-half the external
load. The sum of . Ty ''gdd” Ty deviates from gero by less
then 0.2 percent of one~ha1f the applied load.

e L B . L, L.
:..'- 8 . T . e
P . !

”ffg; Other Solutions of Ehe Pfobiem

" &s was mentioned in connectionh with the'problem solved
1n the first section ‘of this psper, namely, the problem of
the mrc consisting of two gquarter circles, the operations
table of any problem.can.be interpreted as .2’ systenr of simul-
taneous -linear” equations. -The first two equationg obtained
from the opérations table of the present problem. (tadble 6)
are listed below.

~3.,34833 vA + 8.92216 wp ~ 2. 69614 vB + 5. 95771 ¥ 500

8.93216 va - 327 866 wp + 11.4697 va - 13,1014 up (44).

I
o

- 61;242-wc + 8 10267 Vo

In the matrix calculus,methods are developed which are help-
ful 1n solving large numbers of simultanesous linear equations
In the apperndix such methods are explained .The. equatione
representing, the egg—shepe ring loaded with two equal r

~
,‘.— R -» :f‘:;.‘_':l.--‘ :
.

i

if;ihz \

i a

i ;.ﬂi.u:
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- -

w .

L

and opposite forces were also solved by the matrizx calculus.
The results obtained ArS. A8, follows: .. :

5;:yA:=J-O 285349 inch~:?f: ';ilwg‘F D 66%623@7-raafﬁﬁ__

' vg = 0. osseboos inchpfzgr:v :%;igtiﬁ 00107344 radie?‘ (i5)
Vg =.0 139503 Ansh Co lf_f“?’“ ~0_l?l?31 1nch :;ﬁ&:;
‘g = +0.192910 inch. .. s ::"353" o ”f ERE
Chae e . “ - ;;Wv;_ TRk T _";"iiiﬁ?j

It may be seen tha§ these resulEszere prect;cally the .,
same as those given in equations (43). Tf follows from this
agreement of the . displacements that , the bending moments, the
axial forces, aﬁd ‘shear forces must also agres. The three
most 1nteresting values are given ‘below: -t

+

HA im 7970 2 1nch-pounde

TA 12 57, peunds e ' (48} °
o f.oi o ,was = 7. . - -
Ny = 88A4rinch—pounds S
N S SV O : SRR _

.

The solutions by relaxatlon, the procedure of the grow-
ing unit, and the matrix caleculus were all based on the oper-
ations table. An 1independent chegk was obtained by, solving
the problem by the semi-graphie. procedure deecribed in ref—JU
erence 7. ) Ce 3 . W DT TR

Tt
-

oo b L SR L - . -

AW

.
N Y

In this procedure four 1maginary pins were inserteg 1g‘
the ring, &and the bending moments &t the four pins were con-
sidered es the statically indeterminate quantities, The
unknowns were combined- 'into suitable eymmetric én8 antisym-
metric groups, and their magnitudes were calculated with the
aid of the minimum strdin energy principle. Détafls 3f Lhe
calculations are not given here, only the valges obtained for
Np, Ty, and Np are.duoted:

N, = 7840 inch-pounds T, ='8.86 pounds” HD £”8466 1nch—pounds (47

L L . [ 3 .
' A 4 ¥Ry, TR :

The deviation of the value of N, in equations (47) from that
in equations (46) is about 1.6 nercent‘*whxh Np the devia-
tion is about 4.3 percent, . - '
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The agreement between the results of the graphic and
the matrix analysis is astonisghingly good taking into consld-
eration that in the graphic analysis extensione and shearing
deformatione were neglected, while the matrix calculation was
based on the operations table which was established with due
regard to these types of distortions. For the purpose of
gaining further insight into the effects of extensional and
shearing deformations, the influence coefficients were recal-
culated neglecting the effect of these deformations. This
amounts to setting 1/Y equal to zero in all the edquations
of reference 5. The operatione table calgulated with these
values of the influence coefficients 1e table 10.

In this operatlons table section C is displaced tangen-
tially whenever gsection B 4is displaced ta"gentially. and .the
two displacements ‘afe always equal in magnitude and sense.
Thie 1s a consequence of the assumption that the ring, in
this canse the straight vortion BC of the ring, does not
change 1ts length during the deformations. Because of this
rigidity of the stralght bar 'in 1ts -own direction, it cannot
bPe determined whethsér a tangential reaction would be taken
up by the constraint at B, or by that at €. Consequently,
the tangential force Tpg 4s listed in the operations tabdle,

where the double subscript BC 4indicates that the reaction
may be at B or G. _ S

— RN . . - - - - .

‘It may be seen that operations tavle 10 differs greatly
from. operations table 6. Nevertheless, the matrix solution
of the system of linear- equations comprising the openations.
table was found to be very similar to that given earllier in.
equations (45)., The present solution is as follows:

v, = -0, 35185 inen L. }g“gfowoosess4 radian_
vy = 0.062543 inch : J“éié.?c.?"o 17491, inch'(48) .
wg = 0.00091890 raaian-f . vy = 0.18340 inch.. K

The moments and forces werg'again calculated as before,
Some indicative values.gre as follows! e,

Ny = 7898 9 inch-pounds
TA =18, 134 pounds - - C - (49)

Ny = 8819.3 inch-pounds. | «-.
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Th difference hetween.conresponding velwes™in géquations (49)
an ,L_é) is gbout 0.9 percegt in.'the casé cf Ngo and about

6.3 percent in the case of 1Np &L comparieon of all the five
solutions of the problem is given helow.?:.' X LT e

- st - -

T ] . il
- : A S

Relaxation Growing uni@- Matr;x . Graphic Second matrix
Pt s ‘ :: ﬂLh,; (inextensional &efgrmations)
Ny (in.-1b) 7847 7970.2.. . - -7970.2: - 7840 7898.9°
75 (1b) 17.73 O 13.2W 7 aglsf o ";:s;ga[ 213,134
¥p(in.-1b) 8501 - B.868 . ‘gsl < T gu60. [ gE19.3
Rp(1b) 483 -499:8° . -Mgg.ETl T <500 U7 H500.0
Tp(1b) ~7.04 -12.52: - <1250 <886 L '..13.152

(3

The-moment dietribution.is shown in figure S for the so—;
luti oniig- Ey relaxation, matrices, (including ths effect of :
shed?bng-and extensional deformations) and graphic analvsis.
The-c&rves ‘are very much aliks. a

Y = R PR

FﬁRTHWifILLUSTRATIVE BXAMPLES .-

r; w

B

r+?h§ Problem’ pf. Dis_é;pgtei Loaas,
The first example taken,up L0 . fhis chapter deals with

the calculation 6f the bending' moment distribution in a e¢cir-
cular ring frame 6f a fuselage the loading of ‘'which consists
of two equal and ‘opposite forces which ;:2dd dp té"d moment in
the plane of the ring, and of the balancing ‘shear "flow trans- .
mitte&-to the ring from the aheet .covering. of -the -fuselage.
(See «£1e.""210.) It is customary to assums that the~shear flow
can be «elculated from the formula gq = T/24, " wheré’ 15
the.shear: flow in pounds per inch, T -ths torqu% in inch-
pound®s, and A4 the area of the cirele in square inches.’
Recent investigations by Wignot, Combs, and Ensrud (reference
10), end by Hoff (referemce 11) ghowed that in sectlons of

the fuselage adjacent to rings loaded with concentrated for-
ces the shear flow differe considerably from that predicted

by classical theory. unless the ring has an unusually large
bending rigidity. Eecause of its baslic assumptions the clas-
slcal theory holds cnly at & distance from the load applica-
tion whieh i's of the order of magnitude of the diameter of

the fuselage.

7]
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It is8 not the purpose o6f the.present report to investi-
gate the shear flow in the thin wall of a monocoque fuselage.
The report deals only with the talculation of: the bending
moments in rings the loading of-which is:specified. It will
be assumed, therefore, that the shear flow in the present ex-
ample is constant and has the value predicted by classlical
theory.
The procedures developed in the preceding chapters can
be easily extended to include the effects of distributed
loads., The basic idea in these procedures wasg to break up
the ring into a number of units, and to clamp rigidlv the end
polnts of the units. The clamps were then removed partially..
at the different points in turn permitting a change in the
value or one displacement coordinate at a time. --When.one or
more of the units are .loaded with distributed loads, as in
the present case with the constant shear flow, the units can
be consldered as curved beams the ends of which are rigidly
clamped to the constraints. The statically indeterminate re-
actions (including reaction momentg) at the constraints can
be calculated with thb ald . of the classlcal beam theory,.
Forces and momentsg: equal in magnitude and opposed in sense to
these reactions ar'éd the loads transmitted to _the constraints
because of the disgtributed loads of the curved beams. These
forces at the constraints do not differ in any respsesct from
the concentrated external loads of the rings discussed in the

preceding chapters., They can be taken into account, therefore,

in the manner shown before by relaxation, the growing unit
procedure, or by solution by matrices. The graphic method of
reference, 7 takes care of distridbuted loads directly.

The prd%ﬁem a%ahand reduces, therefore, to the calcula«
tion of the h%aticallyflmdetermlnate reactlons of curved
beams. In reference 5 ~the ealculations were car;ied out for
beams havingd" arcs of a cirele for their median line the lomd-
ing of wiaich consisted of atauniform shear flow. It is be-
lieved that any ring can be' represented by arcs of a circle
with an acecuracy sufficient for- engineering applications,
Similarly, any variable ghear ‘flow ¢ver.an ar¢ may be replaced
by a number of constant shear:flows«acting upon portions of
the arc. - . LS

’ '(-f. n:"‘"':

Torsion of‘a Cirpalar Ring

Basic data.- Pigure 10 Bhows the circular ring of a fuse-
lage and its loading. The latter consigts of two 100~pound
vertical loads of opposite sense, and the balanciang shear flow

ELS
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= -

.transmltted %o the ring from the:sheet cove:ing The inten—
sity of the shear flow s, .. > =2 om s

—_—

a = T/2a = (100 ﬁ 20 x é3/(2zrxzo )= 1.1263954° pdunds per inch

LR . e .f

(50)
The cross-sectional area and.thg moment of inertia” of the
sectlion shown 4dn figure 10 are - - = — .
A = 0.250 square inch I = 0.1666 inch®

The latter is taken about the horlzontal centroldal axis,.
The ratio ¢ of the effective shear area to the ‘total cross-
gsectlional arez of the sectioﬂ was calculated from equation (11)

of referenté 5:° -y —

£ = 0.160 ‘ ST

Because of the antisymmetry only one-half of the ring
need be considered.i The half’ ring is" subdivided in two units,
one extending from point A on the axis of symmetry to the
external load (point B), the other .£rem the load to polnt G
on the axis of symmetry of ‘the ring." 'The angles subtended by

the arcs are 45° and 1350, respect}vely,. The parame%pr

; y A X g #JL'--Z __—.____
.,.,:. : """""z' '- o A’I‘ /I. '-. A o 4-.4 L L L
T -~ ) . ‘. .r‘ . ';‘:; e, i . .
PN ' - o _ii:_ég;
has the 7a1u38 370 258" and 3333 32, respectively. for arcs s
AB eand. BC.; With: - . . i - - Afl‘ .

R T - - . t'-
.\" oS

45° = Q. 785398175;rad£an and  138°% = 2. 3561945 raaianﬁ*
:1‘“.(-

k eand A are calculat d as 1n the preceding chapter.- 171\.;
0 - e
k = 1,0120785 - :_"iih;; = x = o 9912535 |
These values are valid for both arcs.‘ ey i
Can .:-_--_-'. - ‘:-,‘,"1}-_’_‘

Influence ¢oefficients s The influence coefficients
were calculate with the &id'of rcference 5 in theé™ game man-
ner as wes dbng for the- egg-shape ring of the preceding
chapter. Since the.cross section of thq qing s constant,

BI 4is e constant factor-in every 1nf1uence coefficfent I¢
is convenieit t6 assume its value ag 10° pound inches?
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LY
. T o.

- e - . - - . -y
rather than to use the actual value. If the unit displacement

ig taken as 10~3 inch and the unit rotation as 10°° radian,
" the influence coefficientes of arc AB ©become:

Thy = 281.950 Tty = -42.385 Thy = 49.079)

Ty = 11.178 Thy = -20.569 7 Tttjia 520896 (513

Wy = -29,966 = nry 7.-4.788 -I{EF= 64.675

Trpo=, 5-638 Ty =.—22.4_?-'1‘:" T Rip = 51.516)
SRR MR R T

.Thdfinfluence'coeffipients'pfqayb BC  are:

Bny = 157,899 ity = -10.942 Aty = 1.563

Th = 1,160 ?t_M - -0.419 By = 0.832 |,
e ';l\nfn. 56 5117  narp = -8.842 Aty = 6.632
Fry = 116 g - -0.524 _ fiy = (5’.105_85

S

tOperﬁiions-Téble
The operations table can be éﬁféblished now according to
the principles discussed earlier., Because of the antisymme-
try points ‘A and O cannot move vertically.. .(See refer-
ence 9.) Consequently, v, and vg are not ligted in the

operations table (table.ll), Moreover, there is no need for
balancing out .HA and "Rg in the rfélaxations since whatever

values are obtained for theny dyring the relaxatlions of the
right-hand ‘side of the ring, valiies 'of the same magnitade and
opposite sepse would be caused by the antiaymmetric distor-
tions of the ile¥ft-hand side of the ring. It was alsoe found
convenient to move point C as well as A during the relax-
ations., This is a deviatiovn from the procedurs followed in
the relaxation of the egg-shape ring.

- Effect bf the gh_gr flow ~ The next step in the calcula-
tions is the .determination of the effect of the distriduted
shear. The reactions:of the shear flow at the constraint’s,
acting. upod the curved beams and taken according to the beam
convention of:signs shown in flgure. 6a, can be calculated
from equations (33) of reference 5. For arc AB the values
of the determinants are:

S

At

i Ll'.
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- O f4aB6886 tr FETE BoB2Y2Y ¢

>
1

. I . .
i 0.0005867381 5% 2 5.3093649

{
o
]
i

0.00893653% qr®"='4,0228506

>
]
L}

o = 0-05622000 qr® = 25.3078929 _
. : ) J T

|
&

o+

]

. -
Division  ¢f the numerator determinants by.the denominator de
terminant gives the moment, the radiasl force, and the tangeg
tial force acting upon thé beam at the. support touard wh;ch

V--

the shear flow is directed: T =

n ‘= -1,8850724 inch-pounds

a. .
r, = 1.3904153 pounds - . . -{B4) -
t = -8.7471509 pounds ' .

..

. . S, ’ _ ’ - S mee
The corresponding values for arc B0 are: T

1,26215684 r = 25.2431368 W

b [ 7_Aq =
i ~An = 0.1489809 qr® = 1341.3002
q ﬁ-u-_ ? e Y(BB)Y A,
A Arq =-0.7079546 qr® = .318.69188 B =
-0 = 1.3379626 qr? = 602.29481 | | .
o g’-a. ! - . . __!:‘
, RO F
ng = -53.135241 inch-pounds L
- r = 12.624880 pounds “&7 (56)
ETL BTN . Lo S . A
'tq = -23.859745 poinds

. As mentioned before, these forces and moments represent
the reactions upni*the beamsi*%THE. forces and the moment act-
ing upon the constraint at section A& have the values given
in equations (54) multiplied by -1. If the signs: are now
convertéd: to agree ﬁlthithe rigid frame convention of flgure
6b, the final values become: .
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N, = -1.8350724 inch-pouhds : .
By = -1.3904153 pounds (67)

T, = -8,7471509 pounds’

In section B +the reasctions upon beam AB c¢can be ob-

tained Dy multiplying by -1 the values given by equations
"(54) since the shear flow is directed away from peint B.

The signs of the reactions so:calqulated are in accordance ., _
with the "beam convention. The different steps .peeded for ob-

taining the effect of beams AB and - BC nupon .the constraint
at B are summarized below:

| NB'""“ [1RB 2
mhe- o (in,-1B) . ., {(1Dd) (1v)
Reactions upon AB, beam.. B
convention, shear flow
away from B (from equa-
tions (54)) ' 1.8850724 -1.3904153  _8,7471509
Action of beam AB wpon, | o
constraint, beam conven- ~ o T
tion ~-1,8350724 1.3904153_ ~-8.7471509 , —
Action of beam 4B wupon . _ '
constraint, rigid frame ~ : ' -
convention . =1.8350724 1,390415863 ~-8.7471509

Reactions upon BC, bean
convention, shear flow
toward B (from equa-
tions (356))

h

13 Poroer ~ T e - .
T 85.185241 ° 18.624880 -23.859745

TompA e Ty e - .

~

Action of beam BC upon. * v Do
constraint, beam con=- .. . .. _ ' _ .
vention TRt BE 185241 0 «1'2.624880 23.859746
Action of ‘beam BC -upom... .. . ... ) -
- ‘constralnt, rigid frame . © | . ' L e _
zreonvention ... . -53.1835241  -12.624880 . -23.8597450 L

CooeTr I
Total uUntalances due to - . . Lo o
gshear flow . =-54,970313 -11.2344547;'-32;6Q68959

LR e
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"The 100-pound vertical downward external load at B
also contridbutes to the tangential and radial unbalanced
forees. If this is resolved in the radial and tangential .
directions, the result 1s

Ry = 70.710678 pourds © Ty = 70.710678 pounds
Hence the total unbalances are

'~54,970313 inch-pounds

=
v: ]
L}

‘659 .4762133 pounds . (58)

o)
.
n

38.1037821 pounds

3
W
i

. In section C the reactions: are the values given by equa-
tions (56) multiplied by -1 since the shear flow ie directed
away from point O. The aetion upon the ¢onstraint is ob-
tained by one more multiplication by =. The change from the
beam convention to the rigid frame convention does not entall
any changes in these values. Hence the finel values of the
unbalances -are. .

Xg = ~63.135241 1nch~pounds

Ry e 12.624880 pounds. s ey (59)
S Ty = -23 859745-poﬁn&skl. .
N L R .1 . . a2 N . - .-
' [ = v, )'.T' '-'.'-'.‘ Ceee,
Soetuti re tions .- The rélaxation was carried out

in table 12, It may be noticed that it was more advantageous
to carry out operations on the’ 1onger. than on the shorter
arc. Moreover, sequences of the rFétations wg, wg, wp were
found useful C e :
From the total motione of A and B the radlal force
at A can- be calculate& ﬂhe motions are, as computed from
tadle 182: ‘ v

R N -_"-IF DO - I R

= . - LI R = T =T

1.15 x 10°% ragian

VL
ey = ~4.87 X 10 % ineh
‘wg = -2.96 X 10°° radian

vg = ug = 0
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These notions muét be multiplie& by the respective inﬁluence
coefficients as? given in equations (51) B4 Bhould Be ., remem-
bered, however, that in the calculation of the influence co- fl
efficients the beam convention was used so that the forago— '
ing motionsg mushi'de, transformed to conform with the boam
convention. Reference to figure 6 discloses that the signs
of wp, and wu, must be changed, while the sign of wy

remains unchanged. Consequently,

: e _
w, = =1.16 x 207% radian u, = +4.87 x 1072 inch

Wy = -2.96 8;l0—3fpgdién_ ivB =-u3_= 0

With these values the radisl force becomes —

R

LN ‘o A
Rp = r‘15 X 42 385 1o 4 87 X 20 559 + 2. 96 x 4. 733 =_-37 3699
-ty . . 1‘1}? - . 'Dounéét'

Thisg force. caussd’bv the - distortions; has to be added to tBG”’
radial’ force é8fifed- ﬁy ‘tHhe ehear flow and given in equations R

(54)." Altogdthds, fx- 17 T L e

A

&1

.
i

RA = -37 3699 + 1,3904153 = -35.979 pound

. Since the tangential force and the moment at A have
the value zero, the bending moment distridbution along the
ring can be calculated with the aid of the elementary methods
of statics. The moments are caused by R, and the shear

flow along arc AB, and by R,, the external load, and the

shear f]ow alo ' g¥c BC; The actual calculation is not
shown, h@re. Tt ﬁill be taken up in connec¢tion with the ana-
lytical solution “of the problem. The bending moment distri-
bution is sHéWn 'fn figure T2, e '

ﬁolution,by the growing unit procedure - The problem was
also, worked out by the growing urnit method. . In+these calcu-
lations point"G was considered as rigidly £ixed. This fix-
atlon means only that the three poseible rigid body displace-
ments of the ring in its plane were eliminated. The changes
in the shape of the ring ésused by3ithé 1oaéing were 1n no way
regtricted by the assumption._

“« & U7 L - : . -

As a first step, section & was rotated through an angle

of 1073 radian. The effect of this,retat}on upon B is the

P v

1ii
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appearance ‘of the unbalances listed in the third to fifth

columns of the 0perations tadle (table 1) . : - g

- - -— —k—.x ——
W

Néxt. section.B was displaced and rotated, while s&c~~.:
tions A and O were held fixed, in such a2 manner as fo. balance

out the unbalanced forces and moment at B. -The necessary
motions-sof.. B were calculated from the following three si-’

multaﬂéous linear equations. R I

. . -439.849 wp + 31.443 vy - 50.642 uB = 29.966

31,448 wp - 12.388 Vs + 20 14 g = 2733 '{"(60)
.o ""”J‘..,_, . .?‘- | - .

-50.642 wp + 20.14 vp - 52. 618 up = 64.675

The .solution .of these equations is T

_____ .
7 Gg & 26711135692 x 10 °.radianm, ) _
vp = 4.085013 x 107° inch (61)
up = 2.880754 X 10™° inch

The effect of theSe'méfions-upop' A can be computed from
the operations table: T ' ’

S

29 966 X O 11135692 - 4.733 x 4.,035013 + 64,675 x 2.880754

NA::
= 170.552 inch—pounds' N
T, = -64.675 x 0,11135692 - 22.441 X 4.035013 + 51.516 X 2.880754

!

50.8E3185 pounds

The effect -of the miit retation:of A upon Al(when' B is
fixed) is listed in the operations table: ERC T '

Np = -281.95 inch-pounds Ty = -49.079 pounds
A;together,:fj:fif':“‘5“ N 13} {"“" .
DU B I Sl ne — : : . R o

§p = -281.95 + 170.552 = -111.398 inch-pounds ; )
f:"’l"‘ frar, (62

Tp = 50. 653185 - 49, 079‘= l 574185 pounds-
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These a*e the moment-and the tangentisl. force obtained at A
when A 4is rotated.through a'unit angle, ' and B moves in-
such a manner as to cause vanishing unbalances at B. In
other words, Ng and Ty of«aquation.(ez) are influence -
coefficients of the expanded ufilt arc 4AC. . . -

Theé Influence coefficlents of afe ' Al “cofresponding to
a tangential displacement of A can'bé’'6bEuinéd ih a simi-
lar manner., When section A is displaced tangentially through
a distarce,of 1072 ipch,. the unbglapcesza} B are the iltens
listed in thé third”" fourth, and flfth columns of the second
row.of the gperationsg table. These upbalances vanish 1f the
motions of B “satisfy the following équations:

=AW B C

~439.849 wpg + 31.443 vg ~ 50,642 up = -64.675
31.443 wp - 12,338 vp + 20.14 ug = 22.441 » {83)"
-50.642.wg + 20.14 vp .-..52;618 ug = ~51.516
The edlution isg T .“ ' o
- R --':3"'.-.-. By .
wg = 0.022242916 X 10 ° radian*
C s vy ® =0,53023016 X 10 -0 :kneh o« s - (64) . .
- tamliged 10 rs i
ug = 0.7546986 x 10 ° inch
LN E N % MRS . T REROM . gL Lt s
- The effect of these motions upon A can be computed from
the operations table: . IR T S B =
CL A STERLOEE a BLAG L, e DU RN . SORERLIL, N 7 L e -
Ny = ~29.966 x 0.022242916 + 4.733 x 0.53023016 + 64.675 x 0.7546986
= 50.65%185 inch-pounds | ' S

Ty =064.675 x 0.0222U2916 +r22, 441" % 0.530230L6 + 51.516 x 0.7546986
= 52,215509 pounds R N B S AL YR .

- L

The effect of the unit tangentiasl displacement of A  _upon
itself i3 agaln taken directly from the operations table,

nds T, = -52.296 pounds

o B LLRL, 22 »

N, = ~49.079 inch-pou
A

O P e
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Altogethaxr, . . .: 270, E35 .« AV AR, w N0 oo S
"\“-‘ \

§0 ., E5ZL8S V. "49-. 079 ‘= 1.574185 Inch-pounds

N
A (65)

T, 52.21&§99.,_5a.296 ~0.079491 pound

[ Lo : S N S IR : -
ﬂhese are the influence coefficients of arc AC -sought.

..II' . . . (3] '_-. - -.

In the next step. the extarnal loads acting upon B~
are balanced out by moving section B. The necessary motions
can be calculated from three linear equations the left-hand
members of which are identicalwith those of equations (60)
and (62). The right-hand members.are the unbalances of equa
tions (58): : LT R :

54970313 ..

’5?;4753l.

-38.103782 .

The solution is

)" wp = 0.2815947 x 1072 radian

vy = 16.7320519 X 10 °.fnch (68)

ug = 6.8574788 X 107 ° inch_, .

oA S

The effect of these displacements updoh > A" is

R tora el

My = ~29.966 % O. 25159u7 - 4,733 % 16 7320519 + 6h 675 X 6 857h788
=-355.876k, inch—pounds R ]
Ty = 64.675 x 0. 28159u7 - 22,441 X 16 7320519 + Bl. 516 X 6. 857u788

=, 001964 pounds

Lo A
These are the unbalances cansed at A by balancing out the
unbalances at B, To these must be added the uwnbalances
caused at A Dby the shear flow-as given: by equations (57).
Altogether, the unbalances at A are:
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N, = 355.8764 - 1,8350724 = 354.04133 inch-pourds (67)
_ L - 87
Ty = =4.001964 =, 8.7471509 .= ~12.749114 pounds

S ’ ST T e e T
The unbalafebs! 'Fuoted 1n equations (67) must then be
balanced out by moving A which 18 now considered as the end
point of the expanded unit. AC. The-requirement of vanishing

unbalances at A cen be written with the aid of the influ-
ence coefficlients, of equations (§2) and (65). as

. MY N

Croasr B UnAN : . - : : . PR

' -111.398 w, + 1.574185 u, = -354.04133 o a

! ‘ ! " ' B ..-.- . - - (68_’) v
1.574185 'w, - 0.079491 u, = 12.749114 s

The solution of these equations is
w, = 1.2660489 x 10 ® radian
(69)

w, = -185.31193 x 102 inch

The values contained in eqguations (69) completely de-~
fine the deflected shape. of the. ring. BEquations (61) and
(64) contain the data necessary for the calculation of the
motions of B due to-the displacements of Ay

- -1.2660489 X 0.11135652 ~ 135.31193 x 0.022242916 = ~3.1507157

WB =
vy = 1.2660489 X 4.Q35013 + ;35ﬁ31;33Lx_o.53023016 = 76.85607H4 PP .
ug = 1.2660489 x 2.880754 - 135.31193 X 0.7546986 =_7gg.u72usas

To these motlons those undertaken when B was balanced .must
be added. The latter are stated 1n equations (66). Alto-

gether' - -- e _.',.—- . ; i ) PR N B . - s

€

wg = -3.1507157 + 0.2815947 = -2.869121 x 10 ° radian

MERE-UN .

vy = 76.8560744 + 16.7330519 =, 93.5881246 X 10 %.,inch »(70) o
T ' . S . T SRR PN
ug = -98.4724888 '+ 6.8574788 =,~91.615010 X .10 “-iinch wid
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Bquations (69) and (70) represent the complete specification
of the distorted shape of the ring since section C was con-
sldered as rigidly fixed. The value of Ry can.now be cal-

culated easlly with the a4i1d of the influence coafficlents
listed in equations (51). It must be remembereéd, however,
that the influence coefficients are always calculated in ac-
cordance with the beam convention. In this convention the
motions of end section B of beam AB have the same signs as
in the rigid frame coavention. The motions at &, however,
must be trensformed to read: ' - -

wy = -1.2660489 X 10 ° radien .
(71)
u, = 135,31193 x 10 ° inch

% .

Hence,

Rg = 42.385 x 1.2660489 -~ 20.559 x 135.31193 + 4,733 x 2.869121

+ 6.633 X 93.5881246 + 22.441 x 91.61501 = -37.93446 pounds

It must be remembered that an.unbalanced radial force of
-1.3904153 pound was applied at A Dbecause of the distriduted
shear, as stated in equatiens (64). If this 1s added to the
value calculated above for Ry, the following final shear

force in section A is obtained:
Ry = -36.544045 pounds (72)

EKnowledge of the shear force in section A permits the calcula-
tion of the bending moments in the ring. The calculations are
not shown'-here. They are discussed in connection with the
analytic solution of the problem.- -

The forces &nd the moment in section C ‘are now deter-
mined since ‘they can serve as a check of the accuracy of the
calculations. If the influence coefficlents given in equa-
tions (52) are used, the motions of section B as stated in
equations (70) must be transformed to conform with the beam
convention: . -

-

2.869121 x 10”° radian

wp
93 ,5881246 % 'T0~2 ineh

.VB

uy = 91.615010 x 10~ ° inch
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L4

L

66 .5117 X 2. 869121 - 8, 842 x 93 5881246 + 6 632 X 91. 615010

- i

-67.77655 inch- pounds S
. . o il S AL
Ry = -8.842 x 2.869131 + 1.116 x 93.5881246 '~ 0. 524 X ‘91, 615010
' . oo SII FA .
= 3].069316 Pouﬂ.ds . P T Y

. -

T

.6.632 X 2.869121 - 0.524 x 93.5881246 + 0.0685 x 91.61601Q:
. vt e
= ~23,736486 pounds -

r
’

To thess valuee must be added the forces and the moment caused
at C by the shear flow in bar BC. Equations (56) contain
these gnantities. The signs, however, must be changed since
the shear flow 1ls directed away from section 0. Addition gives

T

' Ng'= -B7.77656 + B3.135241 = -4,641309 inch-pounds
Rg = 31,069316 - 12.624880 = 18.44444 pounds (73)
= -28.756486 + 23.056745 = dhizazss pound . |y g

To
. N - . k _._. Lot :'--"T' - ren .:_..;_:::\.__"vr'_fél F.
The éefmg _Fd_ and To ahould be zero because of the anti-;.H1'

symmetry. Since the maximum bending moqent in the ring is ]
-482 inch-pound, the deviation from ‘zero is only about 1 per<"
cent of the maximum., The deviation of Tc from zero is

about 0.1 percent of the applied 1oad ‘of 100 pounds. The
check of Rg can be made as follows: Ry - Rg is ~54,98849

pound . This quantity represents the total shear transmitted
through the plane of symmetry of the ring. - The shear is act-

ing upward becayse of .the negative sign. . The vertical com- :
ponent of the shear flow acting updn dhe right-hand side-of .. . .
the ring is 1.1253954 X 40 = 45.015816 pounds. This is also
directe&-upward.::&lbogether, the upward force upon ane—half

the ring 4s - - =+ . . .. oL Lo _ —~ e

N - EEE Cm  pymy

s - e —

54.986849 + 45,015816 = 100,004306 pounds . wwo g _

[N

. - Lo .. e |
It should be equal to the L00-pound downward external force, .-

TR

-~
)
1
I
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Matrix solution.- The problem was also solved by the
method of matrix transformations as shown in the appendix,
The motions obtained are listed below:

= 1.2646 X 10”2 radian ¢ ). .

Ya

u, = ~135.3985 x 107° Lnch

wp = ~2.8708 X 1073 radien > (74) )
vy = 93.6280 x 10°° inch . -

up = ~91.6842 X 1073 inch ]

Section O was again held fixed,

The displacements according %o eguations (74) are in good
agreenent with those found by the growing unit procedure and
listed in equations (69) and (70)

Analytic solution.~- In the analytic solution again the
lowermost polnt of the ring is. congidered fized. (See fig.
11.) In the section at the t0pmost point the unknown féensile
force T, shear force V._ and moment N must be applied.
Because of the antisymmetry,*however, N =T = 0. Hence the:
bending moment is caueednonly by V, the external concen-
trated load of 100 pounds, and the shear flow. The contribu-
tion of the latter can be calculated with the aid of figure
11v. L . {;nguo 9.0

N SR A S : . ' P

The shear force acting upon ths infinitesfmal element of

arc subtended by the angle df is qrdf. The moment dM

R fe N * 1 [ od

cauged by this ehear quce at WP 13 L R A : -
aM = aqrdg =7r[l - cos (p-~£)] qrat

The moment My caused at.rg Dby all the shear flow from
E =0 to E =@ is consequently o -

-

cmpad wr : -

]

My = ar® [1 - cos (9 - £)] 4t = ar® (@ - sin @) (75)

Do en

The total moment is
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ey =-4r® (g =velite) + T ein g

) o . e e b ' Y
when 0L o< 4s°
M, = qr2(qp -,ain'¢) + Vr sin @-+ 100 r(sln @ - 0.707) (76)
when -t in48° f’m-5'180° S

The strain energy of bending is

ag? ’ S 18g®
U = E%Eﬂ M,_2 rdep + E%?; . M%é,r§,?
o 45
According tO_Céstiglianeis.Princiri;t;;ﬂi-éf};i.°j;f
o ‘ dU/dv = o .ﬂ;’*"rn. .

The differentiation may be carried Qub before‘the 1ntegration:

e 5 n"
450 v B = '...‘: '.11'8160 I : 1 ',. R
v, .z Do eaM, Y T w

_— = T . M — dCP A m— l"h' cM» ,.;.._..._ dcp = 0
- N A5 O AR S E} o wat A%

TR A A : s I

If the operationa 1n§icated are, carried out, the following
equatién is obtained. N R

e e’ B ’ o .- X o . e

LY I

gr + V + (aoo/n)[(sgjs) - (1/4) - 0.707] = O

s
- - 1
oy !
e -

Since

~

= (100 X 2r x 0.707)/(2mr®)

the shear force becomes

a,.,( -

'V = -36.5766 (77)

LY

Aeh
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: T
R e

“ -

It may bve seen that this value ‘agrées weIl witb,those ol
tained for RA in the earlier sdlutiona. Subgtitution of s

he Lfe
q, T, .and V. " An- eguations (76) }eads‘to the. final. expres—
aions fo; the b@nding moments:

, = 450.16 (m -.sin @) - 781:53 sl @ 450,16 P '

~ =

,‘;';gg . 3' “?'_- 3 T 4;}181 €9 ° sin w (753
- K R . Lo _-_' f}' '_"“T , s T ET T
' 0 v I r;"
when - : '0 S‘m < 457 SN L
Mgz = 460.16 (p -~ sin m) - 731 53 sin m + zooo (sin _®.¢ O. 707)
= -1414 +.450.16 - + B818.81 sin @ (79)..,
% el . ’ ,""-':;- trt v
when .. . .- ' o agvilff‘s p < 180° . % O

Lo v
e .
M

The®Hehdih g moment diagram 1§ shown in figure 12 ' -

ATy
l
-
AN

"
-

o . . ¥ H
M - - O
30

Lt :_ Torsion of ﬁhé Br % d:Cizeular Ring .
-, SL - e vg‘ o . - - . P
In” actual airplane fuselages the rings are often 1nter-
nally braced when large concentrated loads are introduced Lo
into them. Such a braced ecirgcular ring:is shown in figure
13. Since the mddition of the brace causes six mpre stati-
cally indeterminate quantities to appear in the_calculations,
the work involved in the analytic solution of the problem of
the bending moment distribution becomes very much more in-
volved than 1t was in the case discussed 'in the Prechiqg
article, Because of the antisymmetry the aectual work in-
volves only the determination of one unknown quantity in the
ring proper and thres unknowns caused by the braces. "The-
increase 1n the work,is theh as followsi’
'Galculation of 5 momsent diagrams instead of 2
Calenlation of 14 definite integ;als'instead of 2. "LL 6

PEEES B —~— n * wiREZ

-

So}ution of & simultaneous eqngtions for 4 unknoyé e Ao82
instead of getting 1 unkngwn from 1 equation ;”"

In the methods proposed in this report the additional
work consists only of the calculation of the influence coef~
ficlents of the braces. Because of the effect of the braces



v .f:'.:. S
66 : NACA TN No. 998

the nunerical values izd“the operationa table will be diffdra g .
ent, but the number of ‘éntries in the operations table will ¢
remain the same. The: solution of the problen by relaxationmo’e

or by the growing unit procedure will, therefore, not in-
volve any more work than in the case of the ring without the

brace.

The length of the diagonal is L = 36,955182 inches.
Its cross-sectional area is A = 0.125 square inch, and ite
maximum moment of inertia I = 0,020833 inch Since in the. . .-
caleulation of the influence coefficienta of the ring 1n
equations (51), was assumed to be 10° pound-inches?
wvhile I was O 1666 ineoh* the calculationg will be con- :
sistent only.ift.BIl. of the brace ‘is assumed o

BI = (0.020833/0. 1666)10 = 125, ooo pound-inchea®

r

This means, of course, that the deflections to be calculated

would bs the actual ones if the material had a modulus of

E =6 x 10° psi. ~ #ith aluminum’ alloys, or steel, the values

must be multiplied by a constant factor. -

Y

The ratio £.wiA"/A:. 18 agaln 0.16. Consequently,
Y = 8194,1131 and the produet Y{ = 131}1.0581, The influ-
ence coqfficients foy the/movable end- of the §Qraight bar .
were ca]eulated»fgomrequations (25) of reférence 5, _ : _
; RETANY B 7 , ' L
"

l¢

Y llw43? e R T E R SN LA ;-’~ f:':ié
T 9‘“" 1o add P e 5 ".'.'Q"' 5'14'!4.1’.95;4; 1 - I,,nt_M' f:.’ %‘b «lovr

T pid Mo g0 bralos nidufear N
rrM ) fO 029’4?16. A :;}M fﬁ.‘.oc"sj’ RTINS 'ﬂM = 30, 2949\“.

- copn At g raY

s e sy A s "'2“ i € 2 iu --7.!“..“.1- :
The influenbe” ébeffﬁci ﬁ e fixedven& rwate: detérmined "y

i
f r

with the: a&a bf e&uation ?5 ) f refemennef51~7fJ Ly -: T
sawin )

-t ¥

':IL“J

ot oo b e eognloalo e -

~~

Anp = -6,67292 g = 0. 544194 aty = 0

. . ‘e ‘ ...I--’__
Ataatt pe et 2 1o

0 | Etp = 20.294

-

— .

fFg = ~0.0294516"

F s '
, ! B . L e R0 A
ben i T S i : -

- @ E)

i e byl
Since in the poeratlons table. pointe ' B’ “Bnd C reﬂ?

moved tangehtid ifh'pp raddally: o .the birecle it 1s neces-

sary to convert'the above influence coefficlents into values

that corresgoy% 5o those #isplacements.u be“ihs%apée._"“}‘. cr
unit dispiatémedt’a '1 ~tangentieily torths: circle dgwnngd

—o’ HO D 15 '~“..-L s L [.) &-,‘I" ‘.’t_-.-‘ . .

soopoaced wd v D ~

1k
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to the right is equivalent to & thAngential (lcngitudinal) dis-
placemgnt of - -sin 22.5° for the straight bar combined with
a radial (perpendicular) ‘displacement of- cos 22. 5%  for the
straight bar, when the beam convention of figure 1l4b is used.
¥ith . :

.

‘sin 22.5° = 0.38268.- " cos 22.5° = 0.92388

-y . T

the following foreces and moment are obtalned at B, actlng
upon the straight bar and déaignated according to the beam
convention: -

~0.544194 % 0.92388

Ngp = = -0.50277 inch-pound
Rgp = 0.0294516 x 0.93388 = 0.02721 pound

'TSB -20.2949 X 0,38258 =--7.76845 pounds- R
where the subscript 3B designates that the forces and the .
mément ares bised’ upon ‘the - system of" coordinates of the
stralight bar,;..They must be ‘converted to ¢onform with the’
system of coordinates based on the clrcle before they can be
entered in the operations table. If the subscript C3 re-~
fers to the system ofi.coordimgetes of the cirecle, and use is
made of the diagrams of figures l4c and 144, the following
values are obtained: ' o -

e ge YL . . L A S - el - Lo ol

Ngp = Ngp = ~0. 50277 inch-pound

"y

Rgp = -Bgp sin 22. 5° - Tgp co8, 22. 5°

Er R N

= -(0, 02721) X 0.38268 + (7 76845) X o 92388 = 7. 1667 pounds
‘?és RSB cos 22 59 &SB sin 22 5 o ' ‘

. - - LT .
ce A "

(o. 02721) T3 0 92388 + {7. 768457fx o. 38268 = 2, 9930 pounds

. . . F . v . - roe e [rs
TS T . [ . k E -

The forces and the moment just calculated represent the action
upon thée "structutre. Multinlication by -1 converts them into
the effect’ of the structurs upon the! constrdlnts, taken in ac-
cordance with the rigid frame ‘conivention based on the’ circle.
These values must be added to those listed 1n: tTHe oparationa
table of the circular frame without® bracing (table 11). The
sums have been entered in the new operations table (table 13).
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‘The effect of -4'radlal diéplacement and of a rotation '
can be found in a similar manner. As a further example for
the resolutions, the effect upon 'O© {the fixed end) of a L

-

unit rotation of B (the movable end) is now considered. 2 .

A anit clockwise rotation of section B of. the circle 1is
the positive unit rotatloh of 'section B of the dtraight bar
as shown in figure 14b. The foreces and the moment caused at
C by this rotation are given in equation (81): I R

¢ . . . - . . . ) P | R

= -6.67292 inch-pounds

1=
w
td

}

e Rgp = 0.544194 pound gy g o = =

sz 0 o

These quantities aré the forces and moment's abtihg'hpén the
straight bar at € and taken according to the beam conven-
tion shown in figure 15b, A positive moment Ngg at. C is _ o
counterclockwise. Hence.'thé moment Ngp. taken in accord-

ance with the-rigld frame convention of the circle has the _
opposite sign nd - . o S . — _ .

- Nop = -Ngp = 6.67292 tign pounds L

The radial force RSB i1g resolved with the 8id of figure l5c:

B O N O AT SR

Rgp = -Rgp sin 22.5° = -0.544194 x O. 38268 = ~0.20825 pound
Top = -Rgp cos 23.5° = -0.544194 X 0. 9?388 = -0,50277 pound ' .
‘...:-l.r LA '_’ h . . .. _.n .1. ..l ol -‘:’:'_.:""- - . . .'..-'.l.' e ==
The values of Ngg, Rgp, “Tpop must be mulpiplied by -1
in order to obtain the effect of the structure upon the con- “

straints as.regulred; for the operatiohs table, .

The operations table for the braced circular ring 1s
presgnted, ag.table 13,. It was used in-thé relaxations con- <
tainéd - in,table 14.. As -may be seen,-the rélaxations were cnr- i
ried Qu% in the same manner .28 in the.case of . the ring- witho
out bracing. The abpolute magnitudes of the:déflections ‘were '
found’ to b6 .much . gmaller than _before.:c "For: the Ehear force at
A the VElue' ~6 4964 .pounds-was: obbained' nLn et

. 3
A T N A LY L
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The distortions were determined alpq by the growing unit
procedure. The individual steps in the calcdlation are not
given here since, except for the nuymerlcal values, they werse
identical with those presented im the preceding—article.
Section O was again assumed to be fixed. The distortions

were found to De: Cwd Ber cfa, P . N
' wy = 057486859 &Elaﬁihqadiag‘”w
u, = 6.499450 x 10 ° inch
AnAl g4 = 20.04252815 x.lcfs.raoiaQ” } (82)
iesn¥p 3, 0.21585307 x 107° inch
rLiiepté 7‘§527458 x'107% inen ffﬁjj:";

©h pan ) - -'c
N T RN TS w ' F - »
o T :

Comparison of the values given in equations Té%§ with
those contained in equations (69) and (70) reveals the great
stiffening effect .0of ‘Ehe %races._ s

The value of:the shear: forqe‘}n section A wag found to
be -6.460 pounds. This value deviates from tHat obtained by
relaxations by 0.6.percent.: The bending.moment diagram is
shown in figure 16, It may be geen that “the >fatroduction of
the.braces resulted in the reduction of the maximum bending
moment from -482 1nch-pound& 05 :mpB8,1. anh-pounds,

.
Il o C -

. l_\’ﬂ".'\._': -Hl"."l -, e
The. problem was- also- solvgd by th; ée&ﬁ
The resulfing distortions:.differgd only,ipsi

?d ot” ma€rices.
gnificantly from

those 1is ed‘in equatioﬁs (823-~=: S T -
: EE e agnen- ’ EdElaag
.;:-.. L 5 T ::’3 - a'} N 4 ;._-._ 5"::?‘;“1}_1,‘.‘:_} -
" Torsion:wf the mggpshape Ring j"i?'” *f_

A e AR . -

The agg—shape ring and 1ts antisymmetric loa&ing shown

in figufe T7 “dre the-@ame;aﬁlt -esented in reference 7.

The shaﬁ% ‘§f the structura-igffﬁ%“%,oal with thab useﬁ lgar -

lier lq“this Teport when ‘the - ben@ing,qomenta caused bi b WS il
eqqu and opposite forces were cg@cglated Es {n the Caee
of “the twidted circular ring, itbia agsumed thqt “fhe ‘shear

flow transmittéd from the sheet coverind Jof "tHe fuselaqe t6 T

the ring is constant and can be calculated from the "formila -

LR

Coed i . S TREIN Javion pedrsed ok

- [ |
; gl . -"- . ‘1 " - a _
N R Lt ot : /Z.A.' e B L s § s butasy
. R L S ‘,;a*"'.".-'. aspnngn
1“)" . ’I o . " 5 -
. L3O v 6. PHBET .. T ayinges
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In-the present ¢ase the torqgue.

. T = lOO % 30 3000 inch—pounds . 'l g
while the area included by’ the ring : ' .
A,=.2757.642 square inches

Hence,

Gy 3006/(2 x 2767. p42)= O. 54394298 pound per inch

When the operations table was set up, the shearing and ex-
tenslonal stralin energies were neglected. This is egquivalent
to setting 1/Y = 0, -as was' explained whéen the loading con-
sisted of two equal and opposite forces. The angles subtended
by the nnits .congidered a#f;

SR M e

N . .

Arc AB ' 0.84306211 radian
re..BG . . 0.52137719 radisn

Arc. DE .. 1.7721543 radimns-
e e Lo o

The influence coefficlents were calculated and the oper-'.
etione table was established according‘to “the ‘procedure die- ' .
cussed . in the earlier parts of, this report. The operations
table ds reproduced a8 table" 15 It served as the basls for
the celzculation of the distortiong hy the growing unit method
The distributed shear forces were takén inté dcéount es ‘exs '~
plained in connection with the torsion of the cilrcular ring.
Point I was congidered as rigidly fixed. Because of the
antisymmetry.section_A could not move radiélTy.

Gty

thant
Solutidn “by nit method.-~ ‘The application of
the growing unit,prqcedure to this particular problem con-
sisted of three fain parts. In the first,the expanded units
were established; fn‘ the second, the unbalances Wwere transg-
mitted from sectidn ‘B, G, and D to gectlons A and'E; and in
the last part, the ugbalances at ‘A were qllménatqd o

The bending momeﬁt'didgram was cdaléuldatéd ‘and is pre-
sented in figure 18, The dotted line represents the bending
moments obtalined in reference- "t by the graphic method. The
agreemer.t 18 reasonably good,
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Torsion: of. the.Braped Egg_Shape Ring

Figure 19 shows the braced egg shape ring: and its anti—
symmetrie loading. - Ehe crose -aection of the brace was thken
the same as in the case -of the braced circular ring. ' The
length of the diagonal is 64.983655 inchea. " The influence.
coefficients were caleulated . and the operations ‘table’ was es-
tablished according to: the princinles discussed earlier.

S . R

The data. sontained 1n the Qperatioqs tabld (table 16) - .- .n

served as ‘s, ‘basis ‘for the caloulatiqn of the deflections by - -

the groWwing 'uldit. procedure. The results ?re. - F 1
e e f Poeae :':‘- et - "‘_-7—2—:?!1!

—® .0,19370249 x 10 "% radian

7% tnon.n vy s 5,3A3786 x 10 f tneh -

~-0.7703992 x 10 radian  wg.

Wa

~-12.059282 % 10

[}
<0

va
wp = -0.00896880 X 10™°. radian 'ucD Y 301079 X 1b~ "inéhn

R ——

e X

vg = 1.9469763 x 10”2 inch wy = _0.1969354 X 10°% radian

up = -12.20075 X 1072 inch vp = 10.421443 X 10~ ° igmeh. .

e § o« .,

The motions of sections A and B Ln conjunction with thej“
influence coefficients Permit ﬂhe calculabiom of the shearing
force Ry 1in section A; oo

1_-.--f . l .« . [P e

& - .- i e a

<y Toregrar, oo N . - - R -
Ry 5f6.5Q15_96ug4q5 '
Tt bl Fear o f o, - . L
The motions of. B and the influénce coefficients of. the
straight .bar BE suffice fof fle calcuiatioﬁ of the forces
and moments acting on bar ;BE;_ Nhen these aré known, the.
bending moment diagram of tpe ring can be detefmined

e b

"The'%ending moment diagram is preéent%dﬁin flgure..20.
It nmay bs* seen that the bracing was Very Eéﬁeficial in reduc-
ing the 'Fending moments, P } . T

RO A < L N -A.._(',- e m e e T

:uwrfi:j e : T

CONCLUSIONS |
Co s I o J"j.:..

Ao . L. - L__

The subjeect of thid reﬂgft is the numerical calculation
of the distortions of and thé - bending moments in rigld frames
(fuselage rings) of arbitrary “shape upon which known ooncen-fnﬁ
trated and distributed lomds dre acting, The calculatiogs
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conslst of two major parts: the settingﬁup ‘of the equations
characterizing the problem, and their solution.

The equations are set up by dividing the frame into 8-
numbenr of.-beams, eagh having a constant radius of curvature
and a conetant (often zero) distributed load. The influenee
coefficierits of the individual beams . can "be easily computed
_,Mith the ald of tHe formulas, tables, ~ahd: graphs presented in

reference 5. They can be combined into quantities that are
entered in the operations table: gccording to the suggestions
made in-this report. The operations tadble, together with the
external-loads, completely defines the prodblem, and can al-
ways be established without difficulty,

On the other hand difficulties are encountered.in the
golution df the“set of linear equatliones defined by the opera-
tions table, The fundamental reason for the  difficulties 18
the facf thh't 4n’ ‘most cases the bending. moment, the normal
force, and the shear force in sectlons of the frame are ob-
tataned as smali differences of large quantities,.

Py Phree methods of solving the linear equationa are pr&—
sented. The first ls the .solution by Soutlwell's method of
systematic relaxatidns which ig a procedure of step-by-step
approxinations. Four numerical examples give an indication
how the 1ndiv1duab 8teps' in the relaxation procedure may be
arrangad 80 as to achieve a rapld gonvergence of the proced-
ure. Ifi"most cases, however, it is not easy to find the
proper successlon of stepe. Because of this, the procedure
of the growing unit was devised. In.this procedure, the in-
dividual beams are combined into units of increasing length
until finally the entire frame becomes a single unit, In
each step of the calculation n'ot more than thres simultaneoun
linear equations must. be solved. TFinally, the third method
1s the direct solution of the set of linear equations by
means of'the matrix celculus. -The latter two procedures are
straightforward and can theoretically always be carried out.
The work involved, however,.increases with the number of sub-
divisions chosen, and because .of the small differences of
large..numnbers occurring in the computations the use of cal-
culating machines may becoms indispensabdle.

It Is of interest to compare the numerical procedures
here suggested with known methods of analysis of the bending
moments Iin fuselage rings. Fully analytic methods _have been
published only for cilrcular and elliptic rings for:-a re<"
stricted number of conditions of loading.. Rings of sarbitrary
shape were discussed by Lundquist and Burke (refe;qnce 8.},

-

T

oA

T
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Hoff (reference 7),and du Plantier (reference 8), rings with
additional internal bracing elements by Lundquist and Burke
(reference 8), 8Simple ring problems can be solved by any of
thete methods :with compdrative ease, sbd that the procedurds --
sugzgested in this report show no particular advantages'in
these casses, The numerical procedureg of this report become
advahtageous’ wheﬁ'one or more internal’bracing- elements ‘are
incorporated inté the frame. The additiondl elements-entail

& slight increase in the workiof sefting up the operafions
table, but the solution of the e uations does not necesgitate
any additional ‘work. If the'e uét £dng ‘are solved by re afs-
ti81887 ‘the number of steps necgssaf£ may even become gfifller.
Sined - ixt “fhe earrier methods ¢ hd‘wo k" involved in the célcu—
lations increadds Fapidly when redundsnt bracing elements are
added to,the frgme, the advantage of ,using the procedurqs qf .
this report incréa§as ‘with each addéd bracing elemert "

’Lf
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APPENDIX -

v 'e

'DIREGCT SOLUTION OF A SYSTEM OF LINEAR EQUATIONS

Ag was shown in the body of this report, the operations
table represents a set of simultaneous linegr eguations,

The equations can be solved directly by the methoed. of elim-
inations. Tne only difficulty lies in the great number of
simultaneous ecuations and the -corresponding great number of
unknowns contained in the operations table, DBecause of these
the numerical work-is far t00 cumbersomeé ‘unlesg the dpdra=:: -
tions are carrisd out in a systematic manner. The systeématio
solution of sets of linear equations 1s one of the subjects
of the matrix calculus. The slements of this discipline
needed here are very simple, An attempt 1s made, therefore,
to present them in .an easily understandable manner, K

First a set of linear equations willl be solved by the
methods of high school algebra, Then it will be shown that
the same calculations can be carried out in a more concise
manner*through the usé¢ .0f the matrix calculus.

As an example, the following three equatious containing
three unknowns will be considerei:'

=-H'-n.2~x + y-+ z = 8;' - (1a)
3. N . - [T - . - .

tx v 2y 42 =9 (1v)

x Fy+ 2z =7 (1e)

Divide equation (ls) by 2::

x + 0,56 9+ 0.6 2 = 4 (2)

Subtract (2) from (lb) C . e N

1.6y + 0.5.2z = 5: .- - - .-ﬁz;)
Subtract (2) from (lc) ' SR A
LT sy 4 1.6 5 = 8 R -‘?fTJF-s:§3b)'
It may,be ééen that equatiOns () @Q not+&q;£ain'. ?ij’i1

any more, , Fext ¥y can be eliminated from equation: (8Db) i
first equation (Z3a) is divided by 3:
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0.6 y + O, 166 'z = 1,66 (4)

?nd)sutsequentlv equation (4) ia subtracted frOm equation
3b)¢

1.838 2 8 1.383. - - o - (8)
. L . N * - . .
Equations (8), (8a), and (Ia) can now - be easily solved for
the unknowns., Obviously,equation (5) yields ‘
| ‘,‘_z"w;_l.'j.. L)
Substitution of equatiOn (6) in equation (Ba) end’ solution'
for ¥y gives :
: j'e . R v = 3 ] g : (7)
Finally equation (la) 'yields after eubstitutiOn of equationa
(6) anda (7): : : :
G v LLtvhe

!i“t_ﬁuﬁﬁﬁ Ty Q:f“mij. X = a :“ ._ _. . - (8)

N ~

i . e '

The seme probléew will now be solved using the matrix no-
tation., The first achievement 0f.the matrix g¢alculus is
econqmy -0f writingi~ As 1ong as the first column ‘always cbdn-
tains the x terms, the second the ¥y terms, and the third the
2 terms, 1% is necessary to rewrite x,:y, and 2z, The si-
multgnecus equations are characterized by the get of coeffi~
clents srranged in an ordered array. : Thus the left-hand
membq;p,of equation (1) can be represented by the set

."_‘..“f‘] 2 1 1 ""i . , . _:,:_'...:_
' ST S
A= 1 2 1 (9)
- [
1" . ' B *
1 1 2 . Cvem i at
S I & L T S

It is customary %o enclose the set of coefficients with~
in brecksts as shown in ecuation {&).* A, or the set of coef-
ficientw. in brackets, is known as a "matrix.“ The nine num=
bers in the brackets are the "elements" of the matrix,

The second important device in matrix calculus is the
operation called "matrix multiplication." This operation is
in many respects very different from what is known as multi-.
Plication in arithmetic and algebra., It would be better per-
haps to ¢oln a new word for this operation in order to avold

-Hill ll i



(a4

NAGA TN No. 998

misunderstandirng, This wouwld necessitate, however, ‘the memo-
rizing of some artificisl expression. As things stand now,
the operation is known as "multiplicetion" in mathematics,
and engineers have to conform with the usage. They should
remember, however, that 'matrix multiplicatlion means the
complex operation shown below, snd not what someone might
infer because of the familiar expression "multiplication.!

The produect of two matrices is again a matrix, the coef-
ficients of which have to be calcunlated according to. the fol-
lowing rule:! . . .-

ay @& ag 2y . dz dj &1 8 &3
by by by X | e, ey e, = h, :h, hy (10)
¢y ©¢3 ©Cg £, £ £ -51 Ja da
g; = 8,d; * 8y, azf, B
8, = 8,0, * 8,8, azf,
g3 = a,4; * aae; asf;
hy = byd; + bye; + byf, f (11)
h, = b,d, + bye, + b,f,
dz = €345 * e ey oo Ty J

The rule shown in equations (10) and (11) can easlly bve

extenged to sguare matrices of any order.

The

"order"

of a

square matrix is equal %o the number of rows (or columns) in
the matrix, Two examples of matrix muItipIication are given

below?
1 3| |s%el - (1x6)+(3x1), (1xe)+(3x3)| ' | 8 12
X = i , , =
2 4 1 2 (2x5)+(ax1), (2xg)+(4x2) 14 =20
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(— — : - —

1 0 0 0] 1 1 1 1 T T
1.1 0 0| . je1.0 of . 8 3 1 1
- o ; -1oX - = '

c 0 1 1 0.0 2 0o 0 0 2 2

0 0 6 1. o o o & & LP' o o 2|

It should be noted that, in general, the "matrix prod-
‘uct" changes {f the factors in the product (that is, ‘the two
‘matrices) are interchanged, For instance . '

~ T N T .. oo

1.2 3 0 7?7 2
X = . ] ,.(12&)

. L1 ;ﬂ Lz }_ bs 1_

3 0 1 2 rs 6
X = (12v)

2 1 1 1) 3 5]

— - e -t -

In equation (12a) the matrix

2 1

is sald to be "premultiplied," in equation (12b) "postmulti-
plied" by the matrix

1 2

1 1

With the'aid of the multiplication rule of: matricee,;
equations (1) may naw be,written in the following form: '

(x, ¥, 28] x|{2 1 1 = [8, 9, 7]

At

1w (13)

i
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The "rol matrixfi_li,f%}izﬂﬁfgifidentical-wiinghe square.
matrix o AR R T e FURE

PR R

2

o Q M
o o 4

o
G|,

Application of the multiplicatigh-fﬁle to the left~hand mem-
ber of equation (13) yields . : .

LR

SR e e _ . - -
—_ —_— — — . R . 1
Xy z 2 1 1) |(Cxa+y+2z) (x+2y+32)(x+y+ 22)
' i o= vl i4 T
0 0 O xl1 2 1= 0 0 0 | (14)
' R N -2 =
O 0 O 1 1 2 o] 0 0
L - L d L b -

The right~hand member of equation (14) can be written as =
row matrix

[(2x + y + 2), (x+ 2y + 2), {(x + 35 + 22)]

80 that equation (13) is equivalent to

[(2x + 3y + 2), (x + 2y +2), (x +y+22)) = [8, 9, 7] (15)

Bquation (15) expresgﬁﬁ_phg eﬁuqlity of two matrices., ~Metri-
ces are considered equhlf;f, and only if, all their corre-
sponding elements are qﬁhgl., IF one equates corresponding
slements of the matrices on, the two sides of the equality
sign of equation (15), the following algebraic equations are =
obtained: ' B )

P
2x + 3y + z = 8"~

i}

X + 2y + =z 9 (1)

X + y + 2z 7

which are indeed 1dentical with equations (1).

It should be noted that when the matrix equation (13) is
transformed into three simultancous algebraic equations, the
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matrix is read "downward,!

in agreement with the rules of matrix multiplication,
the matrix equation

instance,

[x, z]-x

¥

{ v

is equivalent ko 'the” three

and not to

.t oo™
. “”“x
5x

2x

NACA TN No.

998 -
not from the left to the right, .
For
1238 [1, o, 3]
5 4 2
23 2
aigebraic equations '
5y + 2z = 1
4y + 3z = 0 '
2y + 2z = 3
4y + 2z = O R S
3y + 2z = 3 vy o E LU

This. distinption cannot be noticed in the case of equa-

tion (133,

since there the square matrix is

"symmetrie,!" + -

which means that elements in it are equal if they are sym~ _—r

metrically. situated ‘to the principal diagonal.
of =2 square matrlix 1s the dlagonal passing.fraem

pal diagunal"
top left to bottom right,

The Yprinef-..o3

The following results of matrix multiplication are worth

noting:

(1) The matrix

P S A SR
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18 called the "identity matrix" of the third order. The
matrix ’

18 the identity matrix of the second order. An identity ma-
trix of any other order ies defined in a similar manner: Ig
is a square matrix having 1 for ite principal diagonal ele-
ments, and O for all the other elements. Now, aprlication of
the rule of matrix muyltiplication shows that '

7 4 fl.‘-1 10 OT : 7 4 1-

557 x‘lo10] = |5587

- jr2s] o0 (123
and .
- - = - =
100)] 233 33 3
010| x lzoz1| = |201
oo1| " |12 3 123 |

It can be seen that any ‘square matrix remains unchanged

upon premultiplication or postmultiplication by tHe identity
matrix of the same order. L e o

(2) Multiplication yields

1 23| .- fa 10 13 3

czo| x jorof = {020

331 001 3 6 1

In other words, postmultiplication by the matrix

-
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110
010
i_OOi_

left the first and third columns of the first matrix un-
changed, and transformed the second column into the sum of .

the original first and eecond columns. In a similer way, - it

cap:. pe seen that
2 00 1 0.5 0 210
811 X 0 1 0O =8 51

4 3 2 0 0 1 4 5 2

or in other words,-poétmultiplication by the matrix_

1l 0.5 0
6 1 0

6 o0 1

left the first and third columns of the firsgt matrix un-
changed, and transformed the second column into the sum of
the origlinal second column and one-~half of the original
firet column. Also, -

"2 01 100 201
0832 x [013] = |03 11

10383 001 103

Hence, postmultiplication by the matrix

100
01383

001

e
ii.ﬂlﬁ-.
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left the first and second ¢Slumne of the first matrix ud- .-
changed, and transformed the third column into the.sum of the
original third, and three times the original second columns.
It may be stated, therefore.- - o . . » )
; Postmultiplication by e matrix in which all principal
diagonal elements are unity, the eXement in-the: pth row and
gth - columrn i1s .k, and all the other elements are zero, 1is
equivalent to an addition to the' 4th column of-the:original
matrlx of k times the ©pth column of the original matrix.
The effect of several nonvanishing elements off thg
pritéipal - diagonal ¢can. be understood from the example'

1'21 11-0 .135,
o211 x |[012| = |0o2s5
2 01 co1l . {221l

—t .. : - 3 ~ 'J
s - .

Here, postmuitiplication by the matrix . . -

fe g . L.oo-
11.0_'."
01 2 .
ooi _

left" the first coliumn unchanged, &8dsd tb:the secbnd column

the firet column, and added to the third colunn the Houdle of

the second column. The knowledges gained from these examples
nay. be utiliged in the transformation of a set of linear
equations, IR ‘ S 5 L e

In order to solve the matrix equation (13) for the un-
knowns x, y, and =z, Tboth sides of the egquation are first
postmultiplied by the matrix w.:. ~. :
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Postmmltiplication means. that, \M; 1e written as, a8, factor .. |
behind’ the members’ of the equation: - Com

{ R
LI

[x, v, 2] x {211 1 -0.5 -0.5| = [8, 9, 7] x |1 -0.5 0.5
izl Jo. 1 o , o 1 o | ()
vaes o el oo 1 o o 1
T AT T - '

It was spown in equations (12) that the order of factors in a
matrix’ product 1s of great 1mportance The result of a post-
multiplication differs, in general, fronm those of a "premulti-
plication" 1n which latter the same factor M, would be

written before the members of equation (13). The rule for the
constructlion of M1 is as follows:

(1) P11l in the principal dlagonal; that is, the diagonal
of the matrix runuing from top -left to bottom
right, with the digit 1;

(2) P111 in the remaining places 4n' the' first row with
the corresponding values of the original matrizx
divided by the first element in the first row of
the original matrix (in the present example 2)
and by -~1; -

(3) A1l the remaining elemgnts of M, are to be filled
in with 0.

- 1f ‘the matrix multi@licat}qy 1e-.carried  out, the .follow-
ing result is obtained : : o

t

L A R

h [X, ynl ZJ X'

Gt t YOIET Y g
) o LI R 1
. : e f
This equsation can be written in an equivelent row matrix form,

1f igo desired: N £ oL V

[(2x + 3 + 2), (1.by » 0.52), (0iby + 1.58)] = [8. 6, 3] (19)
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The matrix equation. 1s.agaln squivalent-to three algedbrale

equations

"2x +'y + 2
1.8y #.0.5¢%

0.5y + 1.6z

(20)

It will be recognized that the first of equations (20) is the
‘same as the first of equations (1),
third of squations (20) arse identical with equations (3a) and

(3v),
Hl

respectively.

In other words,

while the second and the

postmultiplication by
achieved exactly the same transformation of the system of

equations as d41d the algebraic operation thet originally re-
sulted in equations (3),

The matrix.operations can now be continued by .the appli-
cation of one more postmultiplier

M

1 0

o 0

o o
L

Mz

o

-0.

1

defined as

-

33

(21)

Postmultiplication' of equation (18) is indicated as follows:

[‘x' Y.. 5] X

*

[x

—

‘2

0o 0
1'1.5 0.5

1. 0.5 1.5

—

-

When it is carried out,

y"._z] X -

—
2 .

. 0,

11.50

1 0.5 1,333
sl

—

10 O

01 -0.33

0.1

G 0

the result is:

{8, 5, 3] X

10 o
0-1 -0
.9 0 1

(8, 5, 1.333]

—

.33

(23)

(22)
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e ¢

. . e g _
Egquation (23) may be written in the row-matrix form:

[(2x + y + 2), (1.5y + 0.52), (1.3332)] = [8, 5, 1.383] (24)

o

This matrix equation 1s sequivalent to the three simultaneous
algebralec equations B .

2x + y + z = 8
1.5y + 0.5z =5 - 3 o (25)

1,333

"1.8835

Compariszon reveals that the first two of equations (25) are
Identlical with the firet two of equations_?ZO), .Congegquently,
the first of eguations (25) is the same as.the first of equa-
tion (1), and the second of equations. (25) is the same as
equation (3a). The third of equations (25) is identical with
equation (5). .

. ! 4

Thus, it has been shown that the two matrix multiplica-
tions irdicated in equations (17) and (22), respectively, re-
sult in the same set of linear equations as those obtained by
the use of methods of high .school algebra. The characteris-
tic prorerty of the set of equations (25) is that the last
equation contains one, the middle one two, and the first one
three unknowns, Because of this property the equations can
be easily solved one by one, as was done in equations (6) to
(8). The square matrix in equation (23) 15 Jjust a convenient
representation of the left-hand member of equations (25). It
falls into the category known as "triangular" matrices be-
cause all 1ts elements are zero on one elde of the principal
diagonal. a B T o

i -

It is, therefore, the purpose of the postmultiplications
to transform the original matrix into a triangular matrix,
which can be solved then by elementary algebra without. any
difficulty. '

The procedure as developed here may seem ta bg lengthy.
A considerable part of the material presented, however, was
purely explanatory and can be omitted from the actual calcu-
tions. The essential features were: - .

(1) Representation of the equations by the matrix of
the coefficients of the unknowns

— =

.
]
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121

121

11 2

" and by the row matrix of the right-hand side

[s 9

-

(2) Construction of the postmultiplier

1 -0.5 =-0.5

according to the rules

(a) BElements of: the principal diagonal- have the value 1”

0

+ v

87

(p)

(e)

. .

(v) Elements of the f*rst row off %the principal diagonal
are equal to the corresponding e¥ements 6F the
original matrix divided by the principal diagonal
element of the first row and by -l°

(e) A1l other &léments are 0.

(3) Fostmultiplication by M,
and the row matrix:

1o
211.|-

1l 21 x

o 1 0
0O 0 1
1 -0.5 -0.5
b 1 o}

of* both the square matrix

(4)

(e)
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(¢4) In all the later operations undertaken, the flrst .
column and the first row of the right-hand member of equation
(@) renain unchanged. It is, therefore, permissible to omlt
them from the further consideratlone and to center the atten- *
tion upon the two-by-two square "submatrix" obtained by
striking out the firet column and the first row:

(£)

This submatrix has to be postmultiplied by the matrix M
constructed exactly according %o the prescriptibn contalned Ll

.

1 -0.33
M* = (g)

a Lo 1 o

It may be noted that M*, can be obtained from M; (see

equation (21)) by striking out the first column and the first
row, .

Pogtmultiplication results in

(1. 0.5 1 -0.33 [1.5 0
| . (n)
[0.5- 1.5 | o 1 |o.s 1.333

N . - . -l .. - R
- . L X . E

(5) In & similar manner the first element can be omitted
from the row matrix of the right-~hand membder of equation (o).
The submatrix s0 obtalined is

[5, 3] . (3) -
It must be postmultiplied by M*_: | .
[5, 3] x |1 «0.33| =[5, 1,333) (k)

o] 1
(6) The complete transformed sgquare matrix consiste of
the first row and the first column of the right-hand side
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member of'equation_(d), and of the right-hand side member of
equation: (h): ' o :

1 1.5 0 | . . ()

1 0.5 1.383 A

(7) The complete,tédnsfonmed }HQ matrix consists.of the
first element of the: right-hand side member of equation (e),
and of the right-hand side member of pqdation-(h :

1
[

Es,5é, 1.33sj 0 (m)

(8) The complete transformed matrix equation can be
written as a combination of (1) and (m) as follows:

[x, vy, 2} x |2 © 0 | = [8, 5, 1.333] (n)

1 1.5 0 i

' ~ .]1 0.5 1.333

- . - -

.

This equation is identical with eguation (23) ‘and can be
solved as gexplained below equation (23).

The'gp§§étions outlined in the-ﬁrecéding elght polnts
can be arranged concidely according.to the following schede:

8 9 7 _
2 1 1 ~-0.5 ~-0.5" °
' 4 '
1 2 1 1 0
1 1 2 o 1 :
.' 5 t B 3 - .

— m— . — oot . . aa— apm m—e — e m— — - —_—

.
+
Yoo
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The first line in the schéme represents the original
row matrix (b). Below it is arranged the original square
matrix (a). To the right is the postmultiplier (e¢) except
that 1ts first column ie omitted. This first column is not

needed since 1t would enter only in the calculation of the
first column of the matrix product which need not be rewrite

ten since 1t remains unchanged as explained under (4)

The values under the first full horizontal line are ob-
tained by postmultiplying the row matrix [8, 9, 7] by the in-
complets. postmultiplier. This postmultiplication 1s carried
out exaz2tly according to the rules of matrix multiplication
given earlier. Because of the incompleteness of the post-
multiplier only two elements are obtained in the product,

The firast 1s

[8 x (~0.8)] + (9 X 1) + (7 x Q)
the second ' _ g

[8 x (~0.5)] + (9 x 0) + (7 x 1) = .3

Since the omitted first column of the postmultiplier contained
the elements 1, 0, 0, multiplication by it would have glven 8,

the unclranged value of the first element of the row matrix.
This need not be rewritten.

The square matrix under the row 5, 3 is comﬁﬁted in a
similar manner by postmultiplying the original squere matrix

by the incomplete postmultipller. Multiplication of the row
2, 1, 1 would give: ' TR :

[2x (~0.8)] + (L x 1) + (1L x 0) =

[2x (~0.5)] + (1 x 0) + (2 x 1) =0

These two zeros need not be listed. Multiplication of the
second row ylelds

[1 x (;o.s)] + (2 xll) + (1 x 0) = 1.5

[1 x («0.5)] + (2 x 0) + (1 xI) = 0.5

These two values are llsted in the first row below the dotted
line. The elements in the second row are obtained in a simi-

lar manner: -

i

L
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[1x (-0.8)] + (1 x 1) + (2 x 0) ="o'."5'

n
-
"

[1 x (-0.5)] + (1 x 0) + (2 x 1)

F - =

N

The column to the right is the second column of the post-
multiplier (g). The first zolumn of this postmultiplier ie
again omitted as unessentisl for the computatlons.

The last two numbers in the scheme are computed by multi-
plication by the incomplete second postmultiplier in the same
manner as described in connection with the precedling opera-
tlons.

It must be emphasized that the scheme given does not con-
tain a complete presentation of the matrix multiplications.
It 1e¢ Just a convenient short-hand reproduction of the compu-
tations given in more detail under (1) to (8). TFiémiliarity
with this scheme of operations makes it possible to reduce
quickly, with the least amount of time wasted in writing, =a
given set of linear equations to the diagonal form.

An example 1s now given, witheut explanations, for the
reduction of a set of four equations.

;
The equations are!

4x + 2y + = = 11

2x + 3y + 3w = 16

x + 2+ w= 11
2y + 27+ W = 11
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11 16 11 11 "
___________ e e e e - - —
g 2 1.0 -0.5, ~0.25 0 .
3 3 0 2 1 0 0
1 o 2 1 0 1 0
0 . 2 ~1 . A 0 0 1 .
10.5 8.2f 11 !
el v e e ted e amas  waas - e wwm Rewe  rmew e —‘—._._L ________
2 . -0.5 -2 . 0.25 -1
~0.5 1.75 1 1 o
2 1 1 0 1 i
) 10.875 0.5
1.625 1.5 ~0.923
1.5 =1 1.,
~9.55
-2.385
Hence, the transformed set of equations can be written
in the matrix form as follows: . -
- -
(=, ¥y, 2, w] x | 4 © 0 0 = [11, 10.5, 10.875, ~9.55] )
2 2 0 0

1 -0.5 1.625 0O

o 2 1.5 -2.385

wi .



NACA TN No. 998 _ _ _ 93

This matrix equation is equivalent to the four algehraic

ST r 4

equationa.-g I Ty e i : L emem ey - .

. P e T A
T A - O . . S R R A
ax + 2y + - g0 7T 271y

v @y =70.Bz -5%Vg§_- '= 10.5 .

P L L. . . - .

L. szs +f§}5ﬁ:‘ 10.875 .

MU . 'Jz'w«: cit e B.B8Bw. = -9.55
. PO - S S S . [ -
_f:-:,': - . . . . - :

The lasgt one of tpa equations gives immediately

. - b ~ . -
.t Y .

. .. .w =‘4-'

Substitution 'in the'preceding,eduatioﬁ‘iields

. ¥

1.625z = 10.875 - 6.= 4,875

g2 = 3.
- w ~a

- 3

Substitution of w and =z in %hq_ggcond'eqqation results in

- L% .. - .
- h - . -- . ; R

2y ¥ 10.5 ~. 8, # 1.5 = 4 Tt b

, RO .
) , L . .." : e - . R LT+ Yl
Consefuently, - L A T
et e I L B R L
R Ce :

Finally, there is obteined, . R P

4x = 11 = B = .4 = 41 -wedd Lo0E i At

o . e e v i SR . . e £ . .0 Pt

R ! T e mm e A e . DI S Y N _T'_.__.[ g e
and thwssy- 2Tt P < :
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™
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]
2
'
o
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-
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iy a7 ' - . Y L hd -~ &
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st e oL o R
R £ - e T

e

“Whén thernumher of simultaneons linear aguations is _f::!
arge, the . computational work is greatly reduced by the ige """
of & calculating machine. A& calculating machine may become

necessary also for reasons of accuracy, when tQQ computations
[ " x

- v R Y . ....
.- N 1

-
b




94 NACA TN No. 998

happen to .involve small differences of large numbers. L An ex-
ample is now given for the solution of seven equations with
seven unknowns. The equations represent the problem of the
egg-shape ring with symmetric loads.

i

In this example, as in all the matrix computations of
this report, the. work of writing was further reduced by the
adoption of the following scheme. Instead of writing out the
entire matrix multiplier, 'only-the. first row is put down, and
even the first element of the first row is omitted. It may
be remembered that all the elements omitted are either equal
to unity, or %to zero.

The first row in table 17 contains (-1) times the exter-
nal loads of the egg-shape ring with symmetric loads. The
following seven rows, under the dotted line, are identical
with the rowe of the operatlons table (table 6). The next
row, unéder the s0lid.line:and included in parentheses, pre-‘
sents the multipliers. They are (-1) times the ratios ob-
tained by dividing tne elements of.the first row under the
dotted line, except the first elément of this row, by the
first element of the first row., The first ratio,
~(8.92216)/(-3.34833) = 2.66466, 1is listed in the second
column (in the column of 8 92216) The other ratios follow
in the third, fourth, and so forth, columne.

. The row .undgr the rafios ‘containse the transformed exter—
rnal loads. The value in the 4th column of this row 1s ob-
tained by multiplying the firet element in the first row of
the table by the multiplier in the ith column and adding to
the product algebraically the value of the element in the - -
first row and the 1th column, Thus, for instance, In the
second column the value 133,233 was calculated as follows:

2.66466 X BO + O = 133,238 .. - .

It may be seen that in thig manner only six transforred ex-
ternal load elements are obtained from the original seven
external load elements. .

a

Following the same rule, ,the. .orlginal seven-bdby-seven
matrix is transformed into the six-by-six metrix contained
between the second dotted line and the second full ones. For

instance, the element in the fourth” coiumn' nd ‘the thirieenth_

row of the entire table was computea as fol ows:':;,-_ﬂffq

"3.,96771 % 17 184@% %730, 9568 = was 2549
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This scheme ig followed until the external load elements
are reduced to a single element, end the matrix 1s alsoc re-
duced to a single element. The leading columnsg represent then
the equations of the triangular system. For instance, the
leading column of the third step may be written as

-1,77854 vy + 0.204688 upg -~ 8.96572 wg + 0.775767 vg = -38.3834

The leading column ¢f the sixth gtep is:
~1.084845 vg -~ 0.854970 ug = ~19,2443

The full set of these equations can be solved as shown
sarllier.

As a second example of the procedure actually used in
the calculatione, table 18 is presented. It contains the
transformetion of the matrix of the circular rlng with anti-
symmetrlc loads. :

More information on matrices, wrltten from the standpoint
of the person interested in applications of the matrix calcu-
lus to problems in physics and enginsering, may be found in
"Elementary Matrices and Some Applications to Dynamice and
Differential Bquations" by R. A. Frager, W. J, Duncan, and
4. R, Collar (University Presa, 1938). The procedure used in
the present report can be shortened further if advantage is
taken of the fact that all the matrices dlecussed in this re-
port can be set up in a symmetric form. Such a simplified
procedure was suggested by M, E, Doolittle in "Method Bmployed
in the Solution of Normal Equations and the AdjJustment of =
Triangulation,® U. 8., Coast and Geodetic Survey Report, 1878,
pp. 115-120, A discussion of the Doolittle technigue may de
found in an article by Paul S. Dwyer in the December 1941
{ssue of the Annals of Mathematical Statistics, Vol. XII, No,
4, pp. 449-458., A more modern approach to the solution of
simultaneous equations arising in engineering is given in the
paper "A Short Metheod for Evaluating Determinants and Solving
Systems of Linear Equations with Real or Complex Coefficisnts™
by E;;;cott D. Crout, Transsctions A, I ,E,B,, vol, €0, 1941,

P. . : : A _
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- gble 6. Op Table .
operation R, iNﬁ ;.. }ﬁb' : T - By B, 'TE_I'f
blv,.10-4 in.(-5.54855(8.92216 |-2.69614. |3.96771 S
[]w=10-% rad. 8.92216 -’527.'8'6.6 11,4697 |-15.1014 |-61.242 |8.10267 0.
[Blvg=107% in.|-2.69614| 11.4697 -4,00991| 3.4362 | -8.10267 0.66158 L
lelagm107% in.| 5.96771 -15.1014 5.4352 | -30.9566| O . |0 26,2056
[5]wy=10"4 red. -61.242| '8.10267 0 -288.567 -2.95522 | ~5§5_2:46.‘§"}?
[6]vg=10"* . 8.10267 0.66158 0 -2,95622] -1,90205 -o.aagégl;:‘
[7]ug=10"% 1n. 0 '(_J 26,2058 | -5.24667| - .88329,| ~27.0833

The notation adopted far the disp&aoements is as follows' a )
stends for.a tanga1t1al V'for a radial dlsplacement w for a rotatlon. The

subsoript refers tq“the voint that moves:s

=

roam e

WX Ll

- g6
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Table 10. Operations Table

wr =1r\—4-1-.. aQ InacarRl XN ZR9cAn | 7 cnzaoral TN noanais

VA LA dile =0 el AOJOU | Ul ad T AUSY 1« DUODLALIZ| AULUITTOULD

w,=10"%rad, |[31.372640 |-479.93253|33,95750 -40.987910 |-81.64964 10
v=10"%in. ~7.6032R19| 33.937601-9.1891329| 9.4690625(-10 0.8164964
B

~4

uB=uC=1O “in.}10,097316 -40.987910 |9.4690625 ~13.515682 |-8.855104 ~1.3664455
we-10"4rad. +81.64964 |-10 ~8.855104 | -3b4.21850}~5.791741
vc=1o;4 in. 10 0.8164964 -1.3664455 {-5.791741 | -2.6516009

‘ON NI YOYN
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Table lle. Operations teble for circular ring
Operetion N T N R T N T
in-‘&lb. A B B B c C
1b. in.~lb, 1b. 1b, in.-1lb. lbv
[1] w,=107%rad. |-281.95 |-49.079 | -29.966 | -4.733 | 64.675
[zj-gA-lo'sxn. ~49.079|-52.296 64,675 |~22.441 | 51.516
(2] wB=lO'5rad. ~29.966 | 64,675 | -439.,849 | 31.443 [~50.642 | 5645117 | 6.632
[¢] vB=10'3in. ~4,733 [=22,441 31,443 [~12.338 | 20,14 '8.842 | 0.524
[5] upal0=2in. | 64.675 | 51.516 | =50.642 | 20.14 |=~52.618| ' 6.632 0.0685
B
[6] wy=10"8rad. |’ 56.5117 | 8,842 | 6.632 | -157.899 | -1.563
64632 0.524 | 0.0685 -1,563 | -0,322
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Table 12. Relaxation Table for Circular Ring
Operatio N '
pe n A TA Nﬁ, Ry TB NC Tq
1n-1b. 1b. in--lb. lbo lbu in.-lbo 1bo
External 1,835 | =B.747 =54,970 59.476 38,104 =534135 -23,860
loads
0.42{6] 23.75 3,71 2.78 ~66.4 ~0,665
~le84 -8.75 -31.22 63.19 40,88 -119,5 -24.5
-78.2[71 -505 ~39.9 =5,21 119,2 24.6
! ‘1084 "8075 "536-2 2303 35.67 "013 Onl
-2,0[z] 60.0 -129.4 880 -62.8 101.2 -113,0 -13.26
5842 ~138.15 | 343.8 -39,5 136487 ~113,3 -13.2
1{1] -282 -49,1 ~30,.0 447 64,7 '
-223.8 18743 313,.8 44,2 201.6 =113.3 =13,2
-60{7] ~398.0 -31.4 -4,1 9349 19.3
-22308 "'187.5 -84.2 "75|6 19715 -19.4 6.1
-0.35{6] «19,8 =3.1 -243 5544 0.55
"223.8 "18703 “'10400 "7807 195.2 36.0 6.65
-0,90[ 3] 27.0 5843 396 2843 4545 =5049 ~5,96
-196,8 ~245.6 292 -107.0 240.7 -14.9 0.69
O-l[l] '28.2 -4,9 «3.0 "005 6.5
~225.0 ~250.5 289 =107.5 247.2 -14,9 0.69
-0.1(6] =546 -049 -0.7 15.8 0.16
) «225,0 ~25045 283 -108,.4 246,5 049 0.87
-0,06(3] 1.8 ~349 28.4 =1.9 3.04 ~3.24 =-0.04
~223,2 “254,4 31l.14 -110.3 249,54 ~2434 0.853
0.05(1] ~14,1 2.5 =1.5 0.2 3423
~237.3 | -256.9 | 308.9 ~110.5 | 252.77 | ~2.34 0.83
-4.87[27] 239 255 -316 109.3 -251
1-6 ‘1-9 ‘6.1 "1.2 1.77 "2.34 0083
Results of
a. check
table 1.637 -1,944 -7.246 -1437 1.969 -2.792 04412
}




Teble 13. Operations Table for Braced Ciroular Ring

Operatimn
N, T, N Ry g , T,

In.-1b. 1b. in.-1b. 1b. 1b. in~1b. 1be
[1] wy=10"5rad, | ~281.95 | ~29.079 | ~29.966 |=4.733¢ | 64.675
{2) v,=10"3in. | -49.079 | -52.206 | 64.676 |-22.441 | 51.516

(3] wB=10"3rad. =29.966 | 644675 |=453.287 {31.2348 {-50,1390 49,8388 {7.134570

[ 4] vy7107%in, | ~4.733¢ | »22.441 | 81,2548 |~29,6649| 12,9752 {8.63405 |7.709565
(5] uB=1o“3in. 644675 61516 | ~50,1390 |12,9752 {~55.6162 |7.134970]{3.015452
[6] wy=10"Prad. 49,8588 |[8,63406 | 7.13497 =171.857 ~1.06003
(7] uc=10’3 in. 7.134970 |7.709565 | 3.015452~1,08008| -3.31919

‘ON NI VOVE
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Table 14, Relaxation Table for Braced Circulaer Ring

101

Operation T N T
pe FA A Né RB TB ; .
ino -lb.- 1b . in. 'lbo lb . lb‘ in' 'lbc lb .
External
loads -1.835 -8.747 ~54.,970 59.476 38,104 ‘' | ~5%.135 =-23.860
-0.4{86) -19,92 ~3.46 -2.856 6846 0.424
' -1.835 =8,75 -74,89 56.026 35.254 15.46 23,436
-8.3171 -59,15 ~64,05 -25.1 8480 27.6
-1.835 8475 -134.04 -8,02 10.1 24.26 4,2
~0.375(3] 11,25 24,25 170.,0 ~-11.70 - | 18.8 -18.70 -2.67
9.41 =33,0 36840 ~19.72 28,9 5.56 1.5
0.1[1] 28,2 4.9 =340 0447 6eb
"18079 "3709 33.0 -19.25 35.4 5056 1.5
~0.24[4] l.14 5.4 “745 7.13 ~3.1 -2.07 -1.85
~17265 ~32.5 25.5 ~12.12 323 3.49 -0¢35
-0.05{3) 1.50 -3,24 2246 ~1456 2.5 «2 ¢ 49 ~-0.356
16415 -35,74 48,1 ~13.68 34.8 1.00 -0.706
0.084{1] ~18.,05 ~3.14 ~1.92 ~0¢3 4,15
~34.2 ~38,88 46,2 -13,98 38.95 1.00 -0.706
0.1{ 4] ~0a47 2,24 3.l 2497 1.30 0486 0.771
~34.67 41,12 49,3 -16.95 40,25 1.86 0.065
0.01117 -2.82 0449 0.3 -0,05 0.65
~37T.49 -41,.61 49,0 -17.00 40,90 1.86 0.085
-0.795{27] 39.1 41.6 =515 17.8 -21.0
106 0 —2.5 008 _001 1‘86 0.065
Results of
a check
table 1,5217 -.05656 | =2.4849 -,072270 | 0,01066 | 1,8078 0.00159




Table 15. Operations Table for Torsian of Egg-Sheped Ring

Operation ‘ NA. I, Ny Rp Iy N, Rc . T D Hc Ry
in.-1b. lbs in.lb. 1b. 1b. in.-lb. 1b. 1b. in.~lb. 1b.

ﬁAﬂloéﬁrad. -523.185 |=217.240 | 178,054 |-82.8465 |234.496

fA=10“3in. =217.240 -175.295- 234.496 | -79.8920 |174.4351

wB=10°3rad. 178.054 | 234.496 | -1606.64 |=291.974 | ~1496.08 | 367.170 | 278,790 |1314.66

vB=10“5in. ~82.8465 [-79.8920 | -291.974 | -248.18 |-660,021 | 278,790 | -185.110 ]744,.755

uB'10’3in. 234449+ | 174.431 | =1496.08 | -660.021 | ~2855.,38 | 1514,66 | -744.755 12778.29

wc'10'3rad. 367.17 | 278,790 | 1314.66 | -1246,76 | 405,048 |-1278.84|-81.3496}10

ve'10'3in. ~278.790 | -185.110 |-744.755 | 403,048 | -211.246 |738.001 |-10 0.816490

uCD'IO-Sin. 1314.66 T44.755 | 2778429 | =1278.84 | 738,001 |~2781.37{-B.85510]|-1.36345

wn=10’5:adg -81.6496 | -10 -8.85510]-354.2181-5,79174

vb=10'3in. i¢ 0.816496 | ~1.36645}-5.79174|-2.6516

“ON NI YOV¥N .
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« Table 16. Operatioms Table for Torsion of Braced Egg-Shaped Ring

Operation NA TA NB RB TB Nc R o TGD ND RD
in.~lb« 1b. in.-lb. 1be lb. in«-lb.' 1b. lb. in.-lb. 1b.

wA=1063rad. ~525«185 | =217.240] 178,064 | -82.8465 | 234.496

uA“‘lo'ain. -217.240] ~175.205 2.34.496 ~73.8920 | 174.481

wB“}.O_zrﬂd. 1784054 234,496 |~1614.32 | -292.08 | ~1495.94 | 367.17 ~278.79 [1314.68

VB‘10‘5:L11. -8248485 {~79.8920 | -292.,08 | -255.880 -665.458 | 2784790 ~186.110 |744,756

UB“10"3in. 234,496 | 174.431 | -1495.94 | ~665.458 | -2959.23 | 1514.66 -7-'44.755 2778.29

\lc'10'3rad. 367.17 278.790 | 1314.66 -1246_.76 403.048 |-1278.84(-81,56496;10

17'c='.'|.0"3 in ~278.790 | ~185,110 | «744,755 | 403,048 | ~211.246 738-901 =10 0.816498

ﬁcglﬁ-g’iﬁ. 1314.66 | 744.755 | 2778.29 | <=1278.84 738.00) |=-2781.37-8.85510|-1.36645

w_ =10 %rad, =-81.6496 { -10 ~8.85610|-354.218 | -5. 79174

v-=10'3 ine 10 0.816496 =1.36645|-5,79174|-2.6516

*ON NI VOVN
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Table 17« Matrix Solution of Egg-Shaped Ring With Symmetric Loads
'gA Ny Rp T, N, Rg Ts
80 4 _¢ o _+_9° _t_ 0 _ 0 _{r_o__1_6 _
v, | -8.54883 7 8.02216 | -2,8961% [ 8.98771 T 0
Wy 8492216 | ~327.866 11,4697 -13,1014 | -81.242 8410267 0-
vy | =2+69614 | 1144697 -4,00991 | 3.4352 -8,10267 | 0.66158 0
U 396771 | ~13.1014 | 3,4352 ~30.9566 0 0 26.2058
wg 0 -6l.242 -8,10267 ) -288.367 | -2.95622 | ~5.24667
s 0 8410267 | 0,661580 ) -2.95622 | =1.90205 | ~0.88929
g 0 0 0 26.2058 -5.24667 | -0.88929 | -27.0833
(2.66466 ~-0.805219| 1.18498 0 0 0 )
133,283 «40,2610 | 59.249 ) 0 )
w 304,081 T} T 2.28547) -2.52882 7| w61.242 TV g.Y0ZB7 T T o6 T
vg 4.28540 -1.83893 | 0.240328 | =8.10267 | 0.66158 0
up -2.52880 04240325 | -26,2549 0 o) 26.2058
Wg . -61.242 ~8,10267 0 ~288.,367 | -2.95622 | =5.24867
s 8410267 0.66158 0 -2,95622 | -1.90206 | ~0.88929
u, 0 ) 26.2058 ~5.24667 | =0.88929 | -27.0833
(0140925 | -«0083159 | -.2013936 | 0266455 0o ).
88,3834 | 58,1410 | -26.8323 | 3.85006_ | O _
vy -1, 77864 | 0.20469 -8.96672 | «776767 |
uy 0,204688 | =26.2339 | 0.50928 -.0673811 | 26.2058
W, -8,96572 | .509282 ~276.033 | =4.,58804 | =5.24667
v 0.775767 | =«0673810 | =4,588046 | =1.,68615 | =0.88929
ug ) 26,2058 ~5.24667 | =0.88929 | =2%,0833
(+1150888 | ~5.041056 | 0.,4361819 0 )
£3.7255 | 1662661 | «18.192L | _ O _
~26,2103 T =0,52256 | .0219001 [ 26.2088
wg -0.52267 | =230.836 | -8.49872 | =5.24667
A0 0021901 | =8,49873 | ~1.34777 | -0.88929
Ug 2642058 ~5+24667 | =0.88929 | -27,0833
(~.0199372 | .000835549) 0.999828
1654590 | -13.1472 | 53,71426
'WC "2360 8-26— ™ '%.-4-9-9’13 T :-5:76-9-0-5-
7 ~8.49917 | -1.84779 | -0.867393
ug ~5476914 | =0.867394 | ~0.882007
(=+0368206 | =.02499353)
~19.2443 40.57559
v ~1.084845 | =0.654970°
ug -0.654970 | ~0.737816
(~+632915)
61.76560
Yg 0.3232757

|

f
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Teble 18. Matrix Solution for Circular Ring With Antisymmetric Loads

s s Vg "5 Te
1.83567 | 8.74716 | 54.9703 _ _ ~59.4762 -38.1038
-281.950 43,079 -29.966 T TeE. 7354 T T 7|7 T B4.8%5

-49,079 -52.296 64.675 22,441 51.516
-29.966 64.675 453,287 31.2348 =50.1390
~4,7334 224441 31,2348 -29.6649 12.9752
644675 51.516 -50,1390 12,9752 -55.6152
(=e17407 -.10628 -,016788 +22938486)
844277 B4.77527 ~59.5070 -37.6829
43,7528 T T T T68.89I18 T T|T T-21,61708 ~ T |T T40.2580
-21.61706 31,7379 -29.5854 11.88943
40,25804 ~57.0127 11.88943 =40.7797
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NACA TN No.998 Figs. 1,2,3
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FIG.l. CURVED BEAM.
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FIG. 2. ARC AB.

FIG.3. ARC AC.



FIG. 4. BENDING MOMENT DISTRIBUTION IN CURVED BEAM.
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NACA TN No. 998

SECTION E-E
(ENLARGED)

»

1000¥

FIG.5 EGG-SHAPED RING WITH SYMMETRIC LOADS.



NAGA TN No. 998 Figs. 6,7
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FIG.7 POSITIVE FORCES AND MOMENTS AT POINT B.



NACA TN No.998 Fig. 8
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FIG.8 DEFLECTED SHAPE OF EGG-SHAPED RING
WITH SYMMETRIC LOADS.
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NACA TN No. 998

Figs. 10, 11
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FIG. 10. TC'

CIRCULAR RING WITH ANTISYMMETRIC LOADS.

(b)
FIG. (1.

NOTATION FOR ANALYTIC SOLUTION OF
RING PROBLEM.



Fig. 12
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NACA TN No. 998 . Figs. 13,14
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' : FIG. 13.

BRACED CIRCULAR RING WITH ANTISYMMETRIC LOADS.
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(@) RESOLUTION. OF TANGENTIAL DISPLACEMENT.
(b) BEAM CONVENTION FOR STRAIGHT BAR.

(C) RESOLUTION OF RADIAL FORCE.
(d) RESOLUTION OF TANGENTIAL FORCE.

FIG. 14.
RESOLUTION OF DISPLACEMENTS AND FORCES.
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NACA TN No. 998 Fig.16

FIG. 16.

BENDlNG MOMENT DIAGRAM OF BRACED CIRCULAR RING.



NAGA TN No. 998 Fig. 17

FIG. 17 EGG-SHAPED RING WITH ANTISYMMETRIC LOADS.
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FIG.18 BENDING MOMENT DIAGRAM OF EGG-SHAPED RING IN TORSION.
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NACA TN No. 998 Fig. 19
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FIG.19 BRACED EGG-SHAPED RING WITH
ANTISYMMETRIC LOADS.



NACA TN No. 998

FIG.20 BENDING MOMENT DIAGRAM OF BRACED
EGG-SHAPED RING IN TORSION.



